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Summary
In nano-scale, the conducting materials are found to behave the dielectric properties
with negative real part of the relative permittivities (known as plasmonic materials
with the effective dimensions ranging from 20 nm to 200 nm) and the dielectric ma-
terials are found to have different optical properties compared to the bulk properties
(such as Si and Ge). Due to their peculiar optical properties, nanoscaled materi-
als can be applied in optical coating, optical communications (optical waveguides),
surface cleaning, etching, scattering enhancement equipment, and data storage. In
this thesis, I have studied the optical properties including the enhancement of the
scattering, the transmission properties of silicon nanorods, the control of shifting the
frequencies of the plasmon resonances by coated nanostructures, and the potential
applications of plasmonic materials, from simple to complex structures (for both
single and multiple scatterers). Further more, various numerical and theoretical in-
vestigation methods are used for analyzing the electromagnetic and light scattering
problems.
Before studying the physical properties of the nano-objects, the basic studies of
the electromagnetic wave propagation, scattering and resonances of cylinders and
iv
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spheres are conducted. These studies help to understand the physical characteristics
of the nano-objects better. For example, light scattering by a single sphere and
a single cylinder is studied using the exact scattering theory–Mie theory and the
resonance properties for electrically small structures are presented. The scattered
near-field energy intensity is found to be significantly enhanced. Next, the coated
nanostructures are studied and their effects on resonance shifts according to different
frequencies are shown. The results are helpful in enhancing the scattered fields of
coated nanostructures. The surface plasmon resonances of the coated structures
are also shown, while the closed form solutions are given and compared with the
exact solutions, which are found to be very effective over a wide range of electrical
dimension. The range with a strong scattered energy is given and the formulas
for the scattered energy are derived for both plasmonic coated nanospheres and
nanocylinders. The results are applicable over a wide range of electrical dimensions
and relative permittivities, and they are more accurate than the previous works.
Subsequently, the multiple scattering by the plasmonic nanocylinders is dis-
cussed. The great backscattering enhancement effect is studied and compared with
that of a single plasmonic nanocylinder. The incident wave is assumed to be TE
(transverse electric) plane wave which is capable of exciting the plasmon resonance
of cylindrical structures. The results can be applied in nanopatterning, surface
cleaning and data storage.
Finally, with multiple nanocylinders, we can also achieve a shielding nanosystem
composed of metallic nanocylinders near plasmon resonances. The shielding effects
SUMMARY vi
are found to be very good and shielding systems are very flexible and small in size.
We have also proposed an optical waveguide composed of silicon nanowires. The
transmission is based on the great coupling effects produced by silicon nanowires
with high relative permittivities. Enhanced scattering property of multiple silicon
nanocylinders has also been discussed for different pattern arrangements. And we
have provided some new closed form solutions of the scattering by electrically small
cylinders and the results are more accurate than the commonly used one for cylinders
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Chapter 1
Introduction
With the rapid technological advancements, the size of the objects we can investi-
gate is becoming smaller and smaller, so it becomes possible and desirable to study
the properties of the microcosmic world–the nano-objects. As is well-known, one
nanometer is one billionth of a meter and the concept of “nano-technology” was
firstly proposed by a physicist Richard Feynman at the American Physical Society
meeting on December 29, 1959. He described the possibility of developing a process
which can manipulate individual atoms and molecules. Over the past half a century,
scientists have been making continuous contributions to engineering applications and
theoretical research on the objects in nanoscale. Now nanotechnology leads to the
fields of theoretical sciences and applied technologies whose aim is to investigate the
objects with dimensions of 100 nanometers or even smaller. It is considered to be
a multidisciplinary subject containing various fields such as applied and theoreti-
cal physics (for instance, fiber optics, fluid dynamics, laser physics, communication
physics, computational physics, and accelerator physics), materials processing sci-
1
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ence (for instance, ionic crystals, covalent crystals, metals, semiconductors, poly-
mers, and composite materials), interface and colloid science (for instance, colloids,
and heterogeneous systems), device physics (for instance, semiconductor device,
technology CAD, and transistor), self-replicating machines and robotics, chemical
engineering (for instance, supramolecular chemistry, quantum chemistry, computa-
tional chemistry, and inorganic chemistry), mechanical engineering (for instance,
statics, dynamics, fluid mechanics, mechanism design, thermodynamics, heat trans-
fer, and energy conversion), biological engineering (for instance, bio-based materials,
biocatalysis, biocompatible material, bioinformatics, biomechanics , and biosensors),
and electrical engineering (for instance, electronics, microelectronics, and optical
communication). Nanotechnology can also be regarded as an extension of existing
sciences into the nanoscale using a newer, more modern and accurate analyzing
method.
Nano-scaled objects are attracting more attention since they have shown the
interesting properties different from their behaviors in the normal circumstances. In
this thesis, we will discuss the optical properties exhibited of nano-scaled regime.
One of the most attractable phenomena is optical property of the nobel metals.
Noble metals (such as copper, silver, and gold) behave like dielectric materials at
nanoscale and these nobel metals are called plasmonic materials [19]. When excited
by an electromagnetic wave, the surfaces of these metals will have a greater scattered
energy, this phenomenon is named as the surface plasmon resonance. Surface plas-
mon polariton (SPP), the phenomenon of an electromagnetic propagating between a
metal and a dielectric medium (always vacuum or air), has attracted great attention
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over the last decade. It has a negative real part of the relative permittivity in some
portion of the photonic energy spectrum. The electromagnetic field is confined to
the near surface of the plasmonic structures and has an effect of field enhancement
which can lead to higher energy intensity distribution around the interface. This
property makes the resonances of plasmonic structures possible and practical. Di-
mensions of the nano-objects in which surface plasmon polariton (SPP) happens
are usually considered in the range from 20 to 200 nm. Some photonic applications
such as surface cleaning, etching, imaging, nanopatterning, and bio-sensoring in very
small scale can be achieved.
1.1 Optical Properties of Nanoscaled Objects
1.1.1 Optical Constants of the Noble Metals
It is important and desirable to know the relative permittivities of nanoscaled nano-
objects. So there has been a trend of measuring the optical constants of noble
metals. Optical properties of solid copper were measured in a wavelength range from
0.365 to 2.5 micrometers in [1]. It was observed that the results obtained were very
sensitive to surface conditions of the samples. The normal-incident reflectance of Zn
single crystals is measured from 0.6 to 4.0 eV in [2]. We can see that Drude’s free-
electron theory failed to describe the relative permittivities in the visible and near-
ultraviolet spectrum regions. The experimental accuracy is also increased gradually
by improving the testing methods. Continuous works have made to the accuracy of
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the optical constants of noble metals [3–14]. In [3], the absorption in the visible and
ultraviolet region was considered to be due to the transitions from the d bands to
the sp bands. The free-electron contributions could be separated in more accurate
measurements and detailed band-structure calculations for Ag and Cu [4,5]. Effects
of the stress on the optical constants are shown in [6] for Cu, [7] for Ag and [7–
9] for Alloys. The optical properties of Au were investigated by means of thin
semitransparent films [10]. Wavelength modulation spectrum of copper was studied
in [11] and the optical properties of gold in [12]. P. B. Johnson and R. W. Christy
measured the optical constants of copper, silver and gold with an oblique-incidence
thin-film technique [14] and measurements of copper and nickel as a function of
temperature were also shown [13]. In this thesis, we will use the results obtained
in [14].
1.1.2 Surface Plasmon Resonances of the Metallic Nano-
Objects
Surface plasmon resonances of metallic nano-objects occur at <e(²r) = −(1 + 1/n),
where n = 1, 2, · · ·, for spherical structures [28] and <e(²r) = −1 [29] for cylindrical
structures (²r is the relative permittivity of the nano-objects). It has been found
that the near-field energy can be significantly enhanced as well as the scattering
and total cross sections (far-field characteristics). In this part, we will illustrate the
optical properties of spherical and cylindrical plasmonic structures.
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Surface Plasmon Resonances of Nanospheres
Scattering of electromagnetic waves by spherical particles has been a subject attract-
ing lots of interests over the past a few decades and was studied thoroughly using
the classical Mie theory by matching the boundary conditions [15]. Bohren plotted
the field lines (Poynting vector) around a sphere and provided the argument that a
particle can absorb more than the light incident on it [16]. Usually, as the electrical
dimension of a scattering object becomes smaller, the Rayleigh scattering (the first
order approximation of Mie scattering) will dominate [17,18] the field distribution.
With the recent development of nanotechnologies and some progresses of nanoscience,
it becomes desirable and timely demanded to characterize scattering properties of
light waves by nanoscaled objects including the nanoparticles. Nanoparticles have
shown interesting optical properties and are important for modern photonic ap-
plications [19–22]. Plasmon was firstly described as the interactions of collective
and individual particles in metals by Pines and Bohm [23, 24]. As the research
goes deeper, the low frequency plasmons in metallic mesostructures was reported
by Pendry’s group in [25]. Recently, Wang and Luk’yanchuk plotted the energy dis-
tribution and Poynting vector around electrically small objects (plasmonic spheres)
and compared the resluts derived with dipole approximations and the exact Mie
theory [26, 27]. It was shown that the plasmon resonances for electrically small
nanospheres happen when the real part of the relative plasmon permittivity is near
<e[²r(ωn)] = −(n + 1)/n, where n = 1, 2, · · · [28]. At this time, the imaginary part
of the denominator of cross-section will vanish and the real part of scattering coef-
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ficient an will reach the maximum value of unity. In this section, we will repeatedly
address the characteristics of surface plasmon resonances for metallic nanoparticles.
Light scattering of spheres by plane wave in free space is a classical subject.
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where jn and hn are the Ricatti-Bessel functions. k0 and k are the wave numbers
of the free space and inside the sphere, respectively. We assume q = k0a to be the
electrical parameter of the sphere where a is the radius of the sphere. ²r and µr are
the relative permittivity and permeability of the sphere. cn and dn are the scattering
coefficients inside the sphere. They are not of interest herein, thus will not be given
here. M and N are the vector spherical harmonics defined as
Memn = − m
sin θ














































In the above expressions, we have appended the superscripts (1), (2), (3) and
(4) to the first kind of spherical Bessel, the second kind of spherical Bessel, the
first kind of spherical Hankel, and the second kind of spherical Hankel functions for
zn(ρ).
For a small quantity z (|z ¿ 1|), we can find the following approximations for
the Ricatti-Bessel functions:












For electrically small (the radius of the sphere is much smaller than the wave-
length) spheres, we can find
an = −j 1 + 1/n
(2n− 1)!!(2n+ 1)!! · (k0a)
2n+1 · ²r − 1





bn = −j 1 + 1/n
(2n− 1)!!(2n+ 1)!! · (k0a)
2n+1 · µr − 1





As shown, the surface plasmon resonances for electrically small plasmonic spheres
occur at ²r = −(1 + 1/n). For metamaterial spheres, both electric and magnetic
resonances will apply.






















(a) q = 0.1. (b) q = 0.3.
Figure 1.1: <e(a1) at different relative permeabilities versus the relative permittivity.
To illustrate the various effects of the dielectric and physical parameters on the
resonances, we plot <e(a1) for q = 0.1 and q = 0.3 with different permeabilities
(of µr = 1, µr = 5 and µr = −2) in Fig. 1.1(a) and Fig. 1.1(b), respectively. One
CHAPTER 1. INTRODUCTION 9






















(a) ²r = −2.1. (b) ²r = −2.2.
Figure 1.2: <e(a1) at different relative permeabilities versus q.




















(a) q = 0.1. (b) q = 0.3
Figure 1.3: <e(a1) at resonances versus ²r and µr for different q.
can see that as µr decreases, the resonances of <e(a1) will move towards −2. For
a bigger q, the resonant values of ²r will get further from −2. In Fig. 1.2, <e(a1)
versus q is shown. The cases for ²r = −2.1 and ²r = −2.2 are given in Fig. 1.2(a)
and Fig. 1.2(b), respectively. Apparently, we can find the resonances (<e(a1) = 1)
when q is very small. For increasing q, there also exist some points for <e(a1) to
reach 1. One can see that with decreasing of µr, the resonances happen with bigger
q. In Fig. 1.2(b), for µr = −2, <e(a1) is nearly flat from q = 0.5 to q = 1; and its
value is <e(a1) = 1. This is a very important and interesting phenomenon.
CHAPTER 1. INTRODUCTION 10






















(a) q = 0.1. (b) q = 0.3
Figure 1.4: <e(b1) at different relative permittivities versus the relative permeability.






















(a) µr = −1.98. (b) µr = −2.02.
Figure 1.5: <e(b1) at different relative permittivities versus q.
If n is fixed to be 1, we plot <e(a1) for q = 0.1 and q = 0.3 in Fig. 1.3(a)
and Fig. 1.3(b), respectively. The light lines are of high values. In Fig. 1.3(b), it
is clearly shown that the bandwidth of the resonances increase with increment of
q. And it is apparent that there exist many combinations of ² and µr values that
will make a1 resonant. For the magnetic resonances, <e(b1) values versus µr are
plotted for different ²r when q = 0.1 and q = 0.3 in Fig. 1.4(a) and Fig. 1.4(b),
respectively. With decreasing ²r, the values of µ for resonances increase. But the
peak value <e(b1) can reach is still 1. Similar to the situations shown in Fig. 1.1, for
a bigger q, the resonant values of µr will be further obtained at −2. <e(b1) versus
CHAPTER 1. INTRODUCTION 11




















(a) q = 0.1. (b) q = 0.3.
Figure 1.6: <e(b1) at resonances versus ²r and µr for different q values.
q with different permittivities is shown in Fig. 1.5(a) for µr = −1.98. One can see
that there is a resonance for <e(b1) when ²r = −6 for q < 0.5. And for ²r = −3,
<e(b1) = 1 when q is near 0.7. For ²r = −1, the required q for resonance is even
bigger. When µr = −2.02, we can see that there is no resonance at all for ²r = −6
when q is very small; and <e(b1) = 1 when q is around 1.6. From the other two
curves, it is found to have more than one resonance in this range. We also fix n to
be 1, then <e(b1) for q = 0.1 and q = 0.3 are plotted versus ²r and µr in Fig. 1.6(a)
and Fig. 1.6(b), respectively. The situations are similar to those shown in Fig. 1.3
but will not be further discussed here.
The energy distribution of the near-field intensity near resonances is plotted in
Figs. 1.7 and 1.8 in this subsection. The intensity is defined as I = E·E?, whereE =
r̂Er+ θ̂Eθ+φ̂Eφ while E
? stands for the conjugate of E. By superposition, we have
E = Ei +Es. The incident wave is assumed to be a plane wave propagating along
the z-axis. Its amplitude is normalized by letting E0 = 1. The energy distribution
CHAPTER 1. INTRODUCTION 12






















(a) ²r = −2 and µr = 1 (b) ²r = −2 + 0.2i and µr = 1
Figure 1.7: Energy intensity distribution of scattering by a single sphere for q = 0.1
with different relative permittivities and permeabilities. The sphere is resonant by
the first order mode.
for spheres with q = 0.1, ²r = −2 and µr = 1 is shown in Fig. 1.7(a). The energy
intensity value is shown in dB values. The near field energy for a sphere with
q = 0.1, ²r = −2 + 0.2i and µr = 1 is shown in Fig. 1.7(b). It is seen that both
scattered fields are increased greatly. Also as shown in Fig. 1.7(b), the situations of
the scattered field excited by both electric and magnetic resonances can have greater
energy intensity. For resonances when n = 2, the energy intensity near resonances
is plotted in Fig. 1.8. It is apparent that for higher order modes such as n = 2, the
scattered fields can be also enhanced near resonances for the lossless case and for
the one with dissipation, the near field energy is reduced significantly.
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(a) ²r = −1.5 and µr = 1 (b) ²r = −1.5 + 0.2i and µr = 1
Figure 1.8: Energy intensity distribution of scattering by a single sphere for q = 0.1
with different relative permittivities and permeabilities. The sphere is resonant by
the second order mode.
Surface Plasmon Resonances of Nanocylinders
When it comes to light scattering by plasmonic cylinders, the plasmon resonance is
found to happen near <e(²r) = −1 (where ²r = ²′+ i²′′ is the relative permittivity of
the cylinder) for two dimensional electrically small cylinders [29]. Although multiple
resonances for different orders with the same electrical dimension are reported in [29],
Figure 1.9: Geometry for scattering of a plane wave by a cylinder.
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the energy distributions for high orders which are quite different from that of the
first order have been omitted. In this letter, we will address the problem of energy
distribution of light scattering by a plasmonic cylinder.
The geometry of the problem is shown in Fig. 1.9. The incident wave is a TE
plane wave whose magnetic field is in the z direction along the axis of the cylinder
and can be expressed as
H incz = −H0e−ik0r cosφ (1.14)






and the magnetic field inside the cylinder is






where Jn(•) is the Bessel function and H(1)n (•) is the Hankel function of the first
kind; k =
√



































where q = k0a and a is the radius of the cylinder. The coefficients an and bn are
symmetrical: an = a−n, and bn = b−n. We are more interested in the scattered field























(a) <(a1) versus ²′ (b) <(a2) versus ²′
Figure 1.10: Properties of different orders of the scattering coefficient. In the case of
a lossless cylinder, scattering coefficients of all orders can reach 1 at their maximum.
As q increases or with smaller order n, the bandwidth gets bigger.






















(a) <(a1) versus ²′ (b) <(a2) versus ²′
Figure 1.11: Properties of different orders of the scattering coefficient. In the case of
a lossless cylinder, scattering coefficients of all orders can reach 1 at their maximum.
As q increases or with smaller order n, the bandwidth gets bigger.
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(a) <(a2) versus ²′ for q = 0.1 (b) <(a2) versus ²′ for q = 0.2
Figure 1.12: For ²′′ = 0, −<(a2) can also reach 1. But the coefficients of high orders
can be influenced greatly by even a very small ²′′.
We plot the properties of scattering coefficient an in Fig. 1.10 for different orders
and different q. It is apparent that for a loss plasmonic cylinder, its scattering
coefficient can always reach 1. With a bigger q, the bandwidth of the resonances
will increase and the positions of the resonances will shift to a smaller ²′ value.
When we take ²′′ into consideration, −<e(an) is plotted in Fig. 1.11 and Fig. 1.12
for n = 1 and n = 2, respectively. One can see that even very small damping terms
can affect the scattering properties greatly. As shown in Figures, when ²′′ = 0.01,
the higher orders (n > 1) become very small comparably. This also explains why in
most cases, the first order is paid more attention.
The energy intensity distribution of a plasmonic cylinder with ²r = −1 and
q = 0.1 is plotted in Fig. 1.13. The intensity is defined as I = H · H?, where
H = r̂Hr + θ̂Hθ + φ̂Hφ, H
? stands for the conjugate of H . H = H i + Hs.
We plot the energy intensity in dB. One can see that the near-field energy can
be enhanced significantly compared to the incident wave which has the amplitude
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Figure 1.13: Energy intensity distribution of light scattering by a single plasmonic
cylinder with ²r = −1. The incident wave has an amplitude of H0 = 1. It is apparent
that the near-field scattered energy is enhanced.











Figure 1.14: The energy distribution for a single cylinder when ²r = −1.004.
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Figure 1.15: The energy distribution for a single cylinder when ²r = −1.00337.











Figure 1.16: The energy distribution for a single cylinder when ²r = −1.00125 · · ·.
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H0 = 1.
For the higher orders, which were always neglected, the patterns of the near-
field energy intensity distribution are totally different. Near the second resonance
(n = 2), the energy intensity distribution is plotted in Fig. 1.14 with ²r = −1.004.
We can see in this case that the energy intensity distribution is totally different from
that shown in Fig. 1.13 and the energy intensity is even higher. As well known, at
plasmon resonances, −<e(an) = 1 for all n 6= 0. Then the scattered field for a certain
order n should be (considering an = a−n)
Hscazn = 2(−i)nH(1)n (k0r)einφ (1.19)
and the intensity can be expressed as
In = 4|H(1)n (k0r)|2. (1.20)












where Γ is the Gamma function. These are cases for n > 0. Since an = a−n, so we
will not address the cases for n < 0 here. When |z| ¿ 1, the first term has much
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So one can see that with a bigger n or a smaller |z|, the energy intensity can
be increased significantly. We also discover that the energy distribution pattern is
different with different orders of resonances. We plot the energy intensity distribu-
tion with q = 0.1 and ²r = −1.00337, q = 0.1 and ²r = −1.00125 · · · in Fig. 1.15
and Fig. 1.16, respectively. It is clear that the peak values of the energy intensity
become bigger with increment of the order of resonance when ²r is purely real or
the cylinder is lossless. Very small damping term will influence the scattering co-
efficients significantly so as the near-field energy intensity distribution. This also
explains why only ²r = −1 is always considered [29] to plot the energy distribution.
1.2 Optical Constants of Other Dielectric Mate-
rials
Philipp and co-workers have made contributions to the measurement of the opti-
cal constants of dielectric materials [30–37] using the methods of Kramwes-Kronig
transformations of reflectance data. The developments of etching and surface clean-
ing procedures [38], fast and accurate automatic spectroscopic ellipsometers [39]
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and unambiguous criteria for determining surfaces optically [38] have provided op-
portunities to obtain more accurate data for the relative permittivities of dielectric
materials. And in this work, we apply the optical constants obtained by D. E. Asp-
nes and A. A. Studna given in [40]. The dielectric functions have been provided for
Si, Ge, GaP, GaAs, GaSb, InP, InAs, and InSb from 1.5 to 6eV. A good agreement
of the optical parameters has been found from previous studies of smooth, clean
samples.
1.3 Thesis Work
Generally speaking, there are two kinds of scattering: elastic scattering and inelastic
scattering. During the inelastic scattering process, the scattered photon losses or
gain its energy. Generally it means that the change in frequency of the scattered
photon indicates its energy changes like in Raman scattering. If the scattered pho-
ton has the same energy or say frequency as the incident photon, the process is
considered to be elastic scattering like Mie scattering and Rayleigh scattering. The
focus of this thesis is on the elastic scattering for some electrically small structures
(k0a ¿ 1, where k0 is the wavenumber of the free space and a is the radius of the
object investigated). Theoretical modeling and derivations are developed for study-
ing optical properties of nano-structures. The contributions of my dissertation are
outlined as follows.
Chapters 2 and 3 discuss the scattering properties of coated nano-structures
(coated nanocylinders and nanospheres), surface plasmon resonances (surface modes)
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and the distribution of scattered field intensity. More accurate closed form solutions
of light scattering by electrically small coated spheres are derived and compared
with those of the previous work. Surface modes and closed forms of light scattering
by electrically small coated nanostructures (coated nanocylinders and nanospheres)
are given and found to be very applicable and they match the exact solutions very
well. The scattering cross section and the total cross section are also discussed at the
plasmon resonances and for the other cases. Considering the instrumental errors,
the frequency regions in which coated structures can have huge scattered energy are
presented for coated spheres and coated cylinders separately.
Chapter 4 investigates the multiple scattering properties of plasmonic nanocylin-
ders under plasmon resonances. The enhancement of the backscattering by multi-
ple plasmonic nanocylinders is shown and the strong interactions of the multiple
plasmonic nanocylinder system with other cylindrical nano-structures are provided.
The application of multiple plasmonic nanocylinders under plasmon resonance as
a shielding nano-system is proposed and found to be very effective in the visible
region.
Chapter 5 presents optical properties of some other materials in nanoscale. The
self-ignition phenomenon of Si nanowires exposed to a camera flash is investigated
from the view point of the near-field energy analysis. TM plane wave is found to
excite the resonance of the materials with high relative permittivities for m = 0,
where m is the series of Mie scattering. Detailed information is provided for the
field intensity distribution for various conditions. The enhancement of the field by
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multiple Si nanowires is also shown in cases of enhanced backscattering and forward
scattering. The magnetic field is found to be enhanced significantly. Applications
of Si nanowires in optical waveguide structures are analyzed and found to be very
effective as a light transmission structure. The last chapter concludes the research
work carried out in my PhD study.
Chapter 2
Optical Properties of Coated
Nano-Cylinders
2.1 Introduction
In this chapter, the optical properties of light scattering by coated cylindrical struc-
tures will be discussed. The focus is to analytically investigate the plasmonic res-
onance characteristics and peculiarities of light scattering by a coated-cylinder of
electrically small radius, where the metamaterial is considered as either the core
or the coating material in the scattering system. The region where the near-field
scattered energy of silver coated nanocylinders can be significantly enhanced will be
given and relevant formulas will be derived.
In the past several years, negative index materials or metamaterials, which were
24
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proposed using split-ring resonator (SRR) structures and found to exhibit negative
refractive index (NRI) characteristics [41], attracted considerable attention [42] be-
cause they are considered to have negative relative permittivities and permeabilities.
Properties exhibited by metamaterials have also been discussed thoroughly from de-
sign to potential applications [43–50]. Recently, the invisible cloaking in microwave
frequency [51–53] was reported and its physical realization is now moved from mi-
crowave frequencies to visible optical frequencies. Along this line, properties of light
scattering by metamaterial objects are apparently very important and essential in
the further investigations and characterizations.
Scattering of light by metamaterial cylinders is also of recent interests and has
been widely discussed [54]. The surface polaritons can be seen from the resulted
cross sections versus ω/ωp. Surface polaritons on left-handed material cylinders
were discussed thoroughly in [55] and [56]. It is found that the electrostatic and
magnetostatic resonances occur respectively at ²r = −1 (for the TE wave incidence)
or µr = −1 (for the TM wave incidence). It is shown that the plasmonic cylinders
can be exited only by TE plane wave [29]. The plasmon resonance is found to
occur near <e(²r) = −1 (where ²r = ²′ + i²′′ denotes the relative permittivity of the
cylinder) for two dimensional electrically small cylinders [29]. We extend the results
and derive the closed form solutions of light scattering by electrically small coated
cylinders and the surface modes.
The backscattering properties of dielectric-coated cylindrical structures were dis-
cussed in [57]. Johnson and Christy measured the optical constants of noble metals
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(copper, silver, and gold) in the spectral range 0.5-6.5 eV with an oblique-incidence
thin-film technique [14]. The transmission properties of light in two dimensional
structures were investigated in [58]. Surface plasmon polaritons of different orders
on metal cylinders with dielectric core were studied in [59]. Following the results
of [14], we discuss the region where the near-field energy of coated structures can be
enhanced and show them theoretically.
2.2 Surface Modes of Plasmonic Coated Cylin-
ders
2.2.1 Theoretical Foundation
Figure 2.1: Geometry for scattering of a plane wave by a coated cylinder.
The geometry of the problem is shown in Fig. 2.1. The incident wave is a TM
plane wave whose electric field is polarized in the z-direction (along the axis of the
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cylinder) and can be expressed as







Therefore, the scattered field in the outer region consisting of the out-going








while the electric field in the coating region consisting of the out-going and in-coming




















where Jn(•) stands for the cylindrical Bessel function of the first kind at the order
n; H(1)n (•) and H(2)n (•) represent the cylindrical Hankel functions of the first and
second kinds at the order n, respectively; θ denotes the angle as shown in Fig. 2.1,
g identifies the observation point; k1, k2 and k3 are the wavenumbers in free space,
the coating region and the core region, respectively, and ²i and µi (i = 1, 2, and
3) denote the relative permittivities and permeabilities of the three regions. We let
CHAPTER 2. OPTICAL PROPERTIES OF COATED NANO-CYLINDERS 28
p = k0a and q = k0b which denote the electrical dimension of the inner and outer
radii. When the boundary conditions at ρ = a and ρ = b (where a and b denote the
inner and outer radii of the coated cylinder, respectively) are applied, we can obtain
the following equations
H(1)n (k1b)An −H(2)n (k2b)Bn −H(1)n (k2b)Cn = −Jn(k1b), (2.3a)
H(2)n (k2a)Bn +H
(1)































J ′n(k3a)Dn = 0, (2.3d)
where the prime denotes the derivative with respect to the argument. Now we are
able to obtain the scattering coefficient An of special interest in this paper and the
































































As the other coefficients are not of our interest in this chapter, thus they will
not be provided herein. The coefficient provided here is explicitly expressed and it
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is exact in accuracy. The total scattering cross section is defined as the ratio of the







From the total cross section expression, the surface modes can be thus obtained
using the numerically exact solution to the above expression, but the solution is
implicit in expression. To gain more physical insight into the modes and also the
relationships among the parameters, we will subsequently try to obtain them explic-
itly.
From the subsequent approximate but explicit formulations, it is clearly seen
that the multiple resonances can be obtained in the following cases.
• The surface modes will occur for a given summation index n or a fixed single
mode in Eqn. (2.6); and the maximum intensity of scattered field at resonances
decreases continuously versus the outer radius b.
• The surface modes will occur for different summation indices n = 1, 2, 3, · · ·
or their various multiple modes; and the resonance for each of the modes can
be the same in magnitude and can reach unity although the bandwidth of such
a resonance decreases drastically with the order n of the modes.
• In addition to the multiple modes, the multiple resonances are a function of
the physical parameters a and b of the coated cylinder. While the maximum
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magnitude at its resonance is fixed at unity, the bandwidth varies with a and
b.
When the argument |z| ¿ 1, we can use, for n > 0, the following approximations


























where Γ denotes the Gamma function. For n < 0, the approximations are similar
to those of n > 0, and will not be discussed here. Substituting the approximate

















(µ1 − µ2)(µ2 − µ3) + (µ1 + µ2)(µ2 + µ3)
] . (2.8)
By enforcing the denominator, when n 6= 0, to be zero, we can obtain the





(µ1 − µ2)(µ2 − µ3) + (µ1 + µ2)(µ2 + µ3) = 0. (2.9)
When Eqn. (2.9) is satisfied, we can find the surface modes of metamaterial-
coated cylinders. It is apparent that for metamaterial-core cylinders, there exists
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only one mode; but for metamaterial-coated cylinders, two modes can be found to
exist simultaneously. In addition, we would indicate from Eqn. (2.9) that the reso-
nance depends on not only the surrounding medium, but also the physical diameters
(in the present case, the ratio of radius a to radius b). It should also be noted that
for n = 0, A0 will have no resonances. And for n < 0, An = A−n which means that
A−n has the same resonances as An.
The surface modes can be obtained directly using the exact expression in Eqn. (2.6)
for the coefficients of multiple orders, and it can be also obtained from the above
asymptotic formula in Eqn. (2.9). Through a few numerical examples, we found that
the above solutions obtained using the approximate approach are fairly accurate as
compared to the exact solutions; so a detailed comparison will not be shown here.
When the incident wave is TE plane wave, the corresponding items need to be
modified. The electric field should be replaced by magnetic field and some changes
in the boundary conditions should be made. In this case, we can obtain, after
solving the equations and simplifying the scattering coefficient, the equation from





(²1 − ²2)(²2 − ²3) + (²1 + ²2)(²2 + ²3) = 0. (2.10)
By comparing Eqn. (2.9) with Eqn. (2.10), it can be easily seen that the two solutions
are reciprocal and they can be obtained one from the other simply by replacing µ
by ² or its vice versa. Subsequently, we will discuss the characteristics of the two
(TM and TE) modes.
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2.2.2 Coated Cylinders Scattered by TM Plane Wave
From Eqn. (2.9), we can find two resonances of coated cylinders with metamaterial

















































When the metamaterial core cylinder is coated with positive index material,


























which represents the surface modes of the cylinder. It is apparent that the surface
modes of a light scattered by a coated cylinder are much more complicated than
that (i.e., only one surface mode when ²r = −1 or µr = −1) of a single cylinder [55].
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It should be pointed out that in the subsequent derivations of the resonances, we
have used the exact solution for all the cases. However, we also provide the small-
argument approximation to gain more physical modes or insights and to obtain the
approximate locations of the resonances. When the damping is moderately large,
the small argument solution is found to be still accurate enough, as compared to
the exact solution. When the damping is small or zero (lossless), then the exact
solution must be used to derive the resonances [29].
Coated Cylinders with Metamaterial Cores






















(a) q = 0.1 and µ2 = 2 (b) q = 0.2 and p = 0.05






















(c) q = 0.1 and p = 0.05 (d) q = 0.2 and p = 0.05






















(e) q = 0.2 and p = 0.1 (f) q = 0.1 and p = 0.05
Figure 2.2: Variation of the scattering coefficient An with various parameters.
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(a) q = 0.1 and p = 0.05 (b) q = 0.2 and p = 0.05
Figure 2.3: The density plot of −<e(A1) versus µ2 and µ3.
The −<e(A1) values versus µ3 are now obtained (firstly, we consider the lossless
cases) and plotted in Fig. 2.2(a) and Fig. 2.2(b) for different values of q = k0b and
µ2. It is seen in Fig. 2.2(a) that with increase of the inner radius a or the electrical
size p = k0a, the µ3 values at resonances become smaller. It is clearly seen that all
values of −<e(A1) at resonances can reach their peaks of 1, which is the same as
light scattering by a single plasmonic cylinder. We can also see in Fig. 2.2(b) that
when q is increased to 0.2 and p = 0.05, the values of µ3 at resonances will decrease
accordingly with the increase of µ2. The absolute values of µ3 at resonances are very
close to µ2. When the damping term is taken into consideration, −<e(A1) values
are again plotted for different size parameters of p and q in Figs. 2.2(c)-(e). It is
observed that even with some very small dissipations, the scattering coefficients at
resonances can be significantly reduced in value. One can also see the changes in
the bandwidth and peak values of −<e(A1) affected by µ′′3. For different µ′′3 values,
the positions of the resonances do not vary.
For solutions of the higher orders, we take n = 2 as an example; and −<e(A2)
values are shown in Fig. 2.2(f). Without dissipation, the −<e(A2) can also reach its
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(a) q = 0.06, p = 0.05 and µ3 = −1.26 (b) q = 0.1, p = 0.05 and µ3 = −1.7
























(c) q = 0.2, p = 0.05 and µ3 = −1.95 (d) q = 0.06, p = 0.05 and µ3 = −1.26 + 0.1i






















(e) q = 0.1, p = 0.05 and µ3 = −1.92 . . . (f) q = 0.1, p = 0.05 and
µ3 = −1.92 . . .+ 0.01i
Figure 2.4: The energy distributions of the coated cylinder near resonances.
maximum of 1. A very small value of µ′′3 can lead, however, significant reduction of
−<e(A2) and the other higher-order coefficients. This also explains why the higher
orders are not interested in reality. The dissipation has a greater effect on the higher
modes than the lower ones.
The density plots of −<e(A1) versus µ2 and µ3 are shown in Fig. 2.3(a) and
Fig. 2.3(b) for different values of q = 0.1 and q = 0.2 (where q = k0b denotes the
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electrical dimension of the outer radius), when p is chosen to be p = 0.05. The
resonance traces for both cases are clearly observed from the contours of −<e(A1).
From these figures, the relationships between µ2 and µ3 at resonances are clearly
depicted. The scale that we used in Fig. 2.3 is linear, and so are the subsequent
figures.
The near-field energy intensity distributions near resonances are also obtained
and plotted in Fig. 2.4. The intensity is defined as I = E · E? where E? stands for
the conjugate of E. For all figures shown in Fig. 2.4, we let µ2 = ²2 = 2 and ²3 = −2.
The relative permittivities of µ3 are given in the figures. We assume p to be fixed
at 0.05 and let q vary from 0.06, via 0.1 to 0.2. We can see that the energy in the
coating region reaches the highest. We can also see that in all the three cases, the
scattered near-field energies can be enhanced which is because of the increment of
the scattering coefficients.
With larger values of q, however, the scattered fields become smaller relatively.
This phenomenon will be further discussed later. In Fig. 2.4(d), the resonance of
a coated cylinder is shown. The near-field energy can be still enhanced although
it becomes much smaller in value than that shown in Fig. 2.4(a). The energy dis-
tribution of a higher-order surface mode (n = 2) is shown in Fig. 2.4(e). One can
see that the near-field energy intensity is increased by many times. If we take a
very small damping term (i.e., the imaginary part of the relative permeability due
to the dissipation, µ′′3 = 0.01) into consideration, however, the energy distribution
becomes, as shown in Fig. 2.4(f), very common.
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Coated Cylinders with Metamaterial Coatings






















(a) q = 0.1 and µ3 = 1 (b) q = 0.2 and p = 0.05






















(c) q = 0.1 and p = 0.05 (d) q = 0.2 and p = 0.05




















(e) q = 0.2 and p = 0.1 (f) q = 0.2 and p = 0.05
Figure 2.5: −<e(A1) versus µ2 for different parameters.
For convenience, we label the smaller µ2 to correspond to the first resonance and
the bigger one to the second resonance. In Fig. 2.5, −<e(A1) versus µ2 is shown for
different values of p and µ3. It is clearly seen in Fig. 2.5(a) that for each p, there exist
two resonances, one happens when µ2 < −1 and the other occurs when µ2 > −1.
Both resonances can reach as high as 1 at their peaks. As p becomes smaller, the
two resonances become closer to each other and nearer to −1. We can see from
Fig. 2.5(b) that for a bigger µ3, both of the two resonances will increase in level.
Also −<e(A1) will reach its peak value of 1. This confirms our previous conclusion
CHAPTER 2. OPTICAL PROPERTIES OF COATED NANO-CYLINDERS 38


























(a) The first resonance (b) The second resonance
Figure 2.6: The density plot of −<e(A1) versus µ2 and µ3 for the first resonance at
q = 0.1 and p = 0.05.


























(a) The first resonance (b) The second resonance
Figure 2.7: The density plot of −<e(A1) versus µ2 and µ3 for the first resonance at
q = 0.2 and p = 0.05.
made below (2.6). The effects of µ′′2 on the properties of −<e(A1) are shown in
Fig. 2.5(c) to Fig. 2.5(f). As shown in Fig. 2.5(f), −<e(A1) due to the lossless
material can still reach 1 but its bandwidth is narrow, which was not discussed
elsewhere.
Depicted in Fig. 2.6 and Fig. 2.7 are the distributions of −<e(A1) versus µ2 and
µ3. It is seen that there also exist some resonant points with different combinations
of µ2 and µ3.
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(a) q = 0.06, p = 0.05 and µ2 = −0.091 (b) q = 0.1, p = 0.05 and
µ2 = −0.335
Figure 2.8: The energy distributions of the coated cylinder near the first resonance.






















(a) q = 0.06, p = 0.05 and µ2 = −11.08 (b) q = 0.1, p = 0.05 and µ2 = −3
Figure 2.9: The energy distributions of the coated cylinder near the second reso-
nance.
The energy intensity distributions in the near-field region near the first and
second resonances are shown in Fig. 2.8 and Fig. 2.9, respectively, where we assume
²2 = −2, ²3 = 2 and µ3 = 1. The inner electrical radius p is fixed as 0.05 while q
changes from 0.06 to 0.1. Two resonances can be seen from the energy distribution.
Although we have considered only the first order mode here, the higher-order modes
exhibit similar characteristics as those shown for the case of the metamaterial core.
Details of the resonances and their corresponding energy intensity distributions will
not be discussed herein.
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2.2.3 Coated Cylinders Scattered by TE Plane Wave











Figure 2.10: The energy intensity I ′ distributions of a coated cylinder near resonance
illuminated by a TE plane wave.






















(a) q = 0.06 and p = 0.05 (b) q = 0.1 and p = 0.05
Figure 2.11: Energy intensity of coated cylinder with or without damping term
illuminated by a TE plane wave.
For TE mode, the intensity is defined as I ′ = H ·H? where H? stands for the
conjugate of H. In Fig. 2.10, the energy intensity surrounding a coated cylinder
is plotted, where p = 0.05, q = 0.06, ²2 = µ2 = 2, ²3 = −1.26 and µ3 = −2. It
is seen that the same energy intensity distribution as that shown in Fig. 2.4(a) is
obtained. It is apparent that the magnetic field around the coated cylinder can be
also enhanced. When the other parameters change, we can find the trends similar
to those of the TM incident wave.
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Figure 2.12: Energy intensity of a silver coated nanocylinder.
It is apparent that the plasmonic materials can also satisfy the resonance con-
ditions because the negative relative permittivities they can produce. In Fig. 2.11,
we plot the energy intensity of a coated cylinder with p = 0.05, q = 0.06, ²2 = 2,
µ2 = 1, ²3 = −1.26 and µ3 = 1. As anticipated, the near-field energy intensity
increases significantly. When the damping term is considered (²3 = −1.26 + 0.1i),
we can see that the energy intensity drops very rapidly, as depicted in Fig. 2.11(b).
In Ref. [14], the optical constants of noble metals (copper, silver, and gold)
are measured in the spectral range 0.5-6.5eV using an oblique incidence thin-film
technique. Herein, we take the relative permittivity of silver to be ²3 = −27.4785 +
i0.31452 which was given in Ref. [14] at 1.64eV to see the optical properties of a silver
coated nanocylinder, while the relative permittivity of coating layer is ²2 = 38.3.
The wavelength of the incident wave is λ = 758 nm. The outer and inner radii are
24.128 and 12.064 nm, respectively. The energy distribution is shown in Fig. 2.12,
from which it is apparent that the near-field energy intensity can be very high
for plasmonic coated nanoparticles. This is vital for some applications in surface
cleaning, optical near-field etching and some others.
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2.2.4 Peak Values of the Near-Field Energy Intensity
How large can the scattered field be? From the previous analysis, we can see that
the maximum of the scattering coefficients is |<e(An)| = 1. The scattered field of
the resonant mode is given as
Esc1 = −E0inH(1)n (k1ρ)einθ. (2.14)
It is clear that Eqn. (14) can be used to produce the maximum values of energy
intensity. Assume E0 = 1 and the intensity of the nth order of the scattered field
can be expressed as
Isn = 2|H(1)n (k1ρ)|2. (2.15)
It is apparent that as n increases, we will have increased or bigger values of Isn.
Also for a smaller k1ρ, we can also get a bigger Isn. The maximum value of Isn
occurs when ρ = b. We can see that as ρ becomes bigger, the Isn values decrease






For the resonances which are excited by TE wave and produced by the per-
mittivities, the analysis and characteristics are very similar, so details will not be
discussed here.
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2.3 Energy Intensity Enhancement of Plamonic
Coated Cylinders








Figure 2.13: Ranges of the relative permittivities in which low dissipations for nano-
cylinders with silver coating can be found. The points between the two curves should
be selected.








Figure 2.14: Ranges of the relative permittivities within which low dissipations for
nano-cylinders with silver core can be found. Herein we choose the resonance with
bigger relative permittivities.
We can find that there are two resonances for plasmonic coated cylinders and
there is one resonance for plasmonic core structures. The corresponding formulas
will not be shown hereby. Considering the instrumental error, in Ref. [14], we can see
that Ag can only be lossless in the range −60 ≤ ²r ≤ −30 approximately. As it can
be seen from our discussions, the coated structures can shift the plasmon resonances
with different size parameters and relative permittivities. We let f = a2/b2 to be
the area ratio. Then for plasmonic coating structures, by letting −60 ≤ ²3 ≤ −30,
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we can have the relationship:
29 + 29f +
√
961 + 1442f + 961f 2
2(f − 1) ≤ ²2 (2.17)
≤ 59 + 59f +
√
3721 + 6482f + 3721f 2
2(f − 1)
which will allow the plasmonic resonances to happen in the region −60 ≤ ²r ≤
−30. In this region, we can have the maximum scattered energy values of the
resonances because of the possibility of the small dissipations taking consideration
of the instrumental errors. For plasmonic core structures, the situation is
30(29− 31f)
29 + 31f
≤ ²3 ≤ 60(59− 61f)
59 + 61f
. (2.18)
In Fig. 2.13 and Fig. 2.14, we plot the relations of the area ratio f and the
corresponding relative permittivities, respectively.
We take the relative permittivity of silver to be −27.4785+ i0.31452 which was
given in Ref. [14] at 1.64eV to see the optical properties of a silver coated nano-
cylinder. The wavelength of the incident wave is λ = 758 nm. The outer and
inner radii are 24.128 and 12.064 nm, respectively. For TE mode, the intensity
is defined as I ′ = H · H? where H? stands for the conjugate of H. Then the
energy distribution is shown in Fig. 2.15(a). It is apparent that the near-field energy
intensity can be very high for plasmonic coated nanoparticles. Considering the
instrumental errors, the imaginary part may vary from 0.10484 to 0.5242, then we
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(a) Energy intensity distribution of a nano-cylinder with silver core, the imaginary
part of the relative permittivity equals to 0.31452













(b) Energy intensity distribution of a nano-cylinder with silver core, the imaginary
part of the relative permittivity equals to 0.10484













(c) Energy intensity distribution of a nano-cylinder with silver core, the imaginary
part of the relative permittivity equals to 0.5242
Figure 2.15: The near field energy intensity distribution of a nano-cylinder with
silver core for the imaginary part of different relative permittivities.
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plot the energy intensity distribution in Figs. 2.15(b) and (c). It is apparent that
the near-field energy intensity can be enhanced with various relative permittivities.
This is vital for some applications in surface cleaning, optical near-field etching and
some others. For light scattering by a coated nano-cylinder with silver coating, the
situation is similar and the near-field energy intensity can still have very big values.
We will not show the case herein.
Chapter 3
Optical Properties of Coated
Nano-Spheres
3.1 Introduction
In order to derive a more accurate closed form of light scattering by coated electri-
cally small nanospheres, we will introduce a new closed form solution and study the
corresponding optical properties.
Light scattering by spherical particles has been a classical subject which at-
tracted lots of interests over the past few decades and was also formulated rigorously
using the Mie theory [15]. Calculations of derivatives of Mie scattering coefficients
were clearly shown in [60]. As the electrical parameter/size k0a (where k0 denotes
the wave number of the free space and a stands for the radius of the sphere) of
47
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a scattering object becomes much smaller than 1, the Rayleigh scattering domi-
nates [17,18] and it is expressed approximately by the first order expression in Mie
scattering theory.
Using the same method for matching boundary conditions, the results of elec-
tric and magnetic fields scattered by multilayered spherical structures can be easily
extended [61–63]. Scattering of electromagnetic waves from two concentric spheres
was first worked out by Aden and Kerker [61]. Scattering by multilayered spheres
was well studied [62,63] both in the near field and the far field. A number of applica-
tions was reported by Kerker in [64]. Electromagnetic radiation problem associated
with a multilayered sphere was also considered [65]. The dyadic Green’s functions
used to define electric and magnetic fields in spherically multilayered media were
derived [65], which helps to formulate the dipole or antenna radiation problem eas-
ily and straightforwardly. In this chapter, we will use the traditional methods in
analyzing the coated nanospheres.
Light or electromagnetic scattering by composite spheres is another interest in
the scientific and engineering communities [66–72]. The analysis was extended to
Mie scattering by an uniaxial anisotropic sphere [66]. Furthermore, scattering by
an inhomogeneous plasma anisotropic sphere of multilayers was also formulated and
investigated [67]. It can be easily extended to light scattering by an inhomogeneous
plasma anisotropic sphere where the exact solutions could be applied to obtain the
field distributions in the multilayered spherical structures. Along the analysis line
of [67,68], the standard eigenfunction expansion technique is utilized and the theory
CHAPTER 3. OPTICAL PROPERTIES OF COATED NANO-SPHERES 49
for the anisotropic media can still follow closely to theory used for the isotropic
media. To characterize eigenvalues in the anisotropic media different from those
in the isotropic media, potential formulation and parametric studies for scattering
by rotationally symmetric anisotropic spheres were also carried out recently [68].
In addition, Sun discussed light scattering by coated sphere immersed in absorb-
ing medium and compared FDTD method with analytic solutions [69]. Scatterers
consisting of concentric and nonconcentric multilayered spheres were also consid-
ered [70]. An improved algorithm for electromagnetic scattering of plane wave and
shaped beams by multilayered spheres was developed [71] and the geometrical-optics
approximation of forward scattering by coated particles was then discussed [72].
Recently, a closed form analytical model of the scattering cross section of a
single spherical nanoshell has been considered [73], while some fine experimental
works were conducted in [74,75]. The results given in [73] seemed to agree with the
exact solutions very well in accordance with the results in Figs. 2 and 3. Our recent
careful investigations realize that the relative errors in their results are not so small,
especially when the electric size of the nano shell is not large. The present paper
is therefore to derive another different closed form solution for describing the light
wave scattered by the nanoshells using a polynomial of up to order 6. Validation will
be made by comparing the present closed form solution to the exact Mie scattering
solution and also to the other closed form solution by Alam and Massoud.
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3.2 Closed Form Solutions to Light Scattering by
Coated Spheres
3.2.1 Basic Formulas
The geometry of the problem defined in this chapter is shown in Fig. 3.1, where the




Figure 3.1: Geometry of light scattering by a spherical nanoshell in hosting medium.
So the out-most to inner-most regions are denoted as Regions i = 3, 2 and 1
whose permittivities and permeabilities are assumed to ²i and µi = µ0 (as non-
magnetic materials), respectively. The incident plane wave is propagating along
+z direction. The inner radius of the coated sphere is a and outer radius is b;
in other word, the spherical geometrical thickness of the nanoshell is c = b − a.
For convenience of the formulation, we take x = k0a = ω
√
²0µ0a = aω/c and
y = k0b = ω
√
²0µ0b = bω/c to be the electrical parameters for the inner and outer
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radii of the spherical nanoshell (where c denotes the speed of light in free space)1.
It should be noted that here x and y are used to simplify the presentations and they
have nothing to do with the Cartesian coordinates (x, y, z). In addition, the refrac-





²2/²0, respectively. The refractive index of the background hosting
medium is m3 =
√
²3/²0 and it is assumed herein that it is not necessarily unity, but
it can be simplified as m3 = 1 for free space. Correspondingly, the wave numbers
in the regions are denoted by kj = ω
√
²jµ0 where j = 1, 2 and 3 for the inner, the
intermediate, and the outer regions of the problem geometry.
Electric field of an electromagnetic plane wave with an amplitude of E0 in un-
bounded hosting medium can be written in terms of the spherical vector wave func-










o1n − iN (1)e1n
)
, (3.1)
where an incident wave amplitude E0 is assumed to be unity for simplification of
the formulation. This assumption will not affect the further discussion and results.
When it is scattered by the nanoshell, the electric wave outside of the nanoshell in














1The definition made in Ref. [73] is not precisely correct unless the hosting or background
medium is free space. Details of the prove will be given later.
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and the electric field inside the nanospherical core-region is given due to the TE and













In the aforegiven field expressions where the eigenvalue m = 1, the spherical vector
wave functionsM (i)emn andM
(i)





for even and odd TM modes are defined for i = 1, 2, 3 and 4 as
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In the above definitions, the superscripts (1), (2), (3) and (4) of z(i)n (ρ) (where
ρ = kr denotes the argument of the spherical Bessel functions) refer to the first kind
of spherical Bessel function, the second kind of spherical Bessel function, the first
kind of spherical Hankel function, and the second kind of spherical Hankel function,
respectively.







n), to be determined. From continuity relations of electric field
and magnetic field tangential components, we will have 4 boundary conditions on the
inner spherical interface and the other 4 boundary conditions on the outer spherical
interface. So, all the unknown coefficients can be determined uniquely. The solution
procedure is rather standard, although lengthy. So, we will not provide the details
of all the solutions, instead we will provide the obtained scattering coefficients in








where the numerators Na,bn and denominators D
a,b
n of the two scattering coefficients












−m3ψ′n(m3y) [ψn(m2y)−Bnχn(m2y)] , (3.5c)




−m3ξ′n(m3y) [ψn(m2y)−Bnχn(m2y)] , (3.5d)














and the Riccati-Bessel functions were defined3 as
ψn(ρ) = ρjn(ρ), (3.7a)
χn(ρ) = ρyn(ρ), (3.7b)
ξn(ρ) = ρh
(1)
n (ρ) = ρ [jn(ρ) + iyn(ρ)] , (3.7c)
with the prime to denote their first order derivative of the Riccati-Bessel functions.
For the nonmagnetic medium, we have the free space permeability for all the regions,
i.e., µ1 = µ2 = µ3 = µ0. Again, ²1 and ²2 denote the permittivities of the spherical
nanocore and the nanoshell while ²3 stands for the permittivity in the outer region
of the structure. The formulas given in (3.5a)-(3.5d) are slightly different from those
forms in [73], because we herein enclose m3 in the formulation without loss of any
generality while the formulas in (1) and (2) of [73] is only applicable to the case
where the outer region is free space; but in the later applications in [73], the authors
assumed ²3 = 1.78²0.
2In Eqs. (12) and (13) of Ref. [73], subscripts of some ψn(ρ) and its derivative were missing.
3In Ref. [73], χn(ρ) was not generally defined.
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3.2.2 New Closed Form Solution to Intermediate Coeffi-
cients An and Bn
As the scattering coefficients an and bn are of our specific interests here, although
they look very complicated and involved with the spherical Bessel functions of var-
ious kinds. To do so, we also follow the similar procedure of approximating the
scattering coefficients an and bn by taking the series expansions of the following first
























2!(1− 2n)(3− 2n) + · · ·
]
, (3.8b)
where and subsequently, n!! denotes the factorial by a step of 2 (for instance,
7!! = 7 · 5 · 3 · 1 while 8!! = 8 · 6 · 4 · 2). The numerical tests show that when x = 0.6
and n = {1, 2, 3}, we will have the following exact values of jn(z) = {0.192892,
0.023389, 0.00201634}. If we use the approximation in [73], the following values
are obtained: jn(z) = {0.149956, 0.0196055, 0.00175972}; but if we use the ap-
proximations in (3.8a) and (3.8b) of this paper where only the explicit first 3 terms
are included, we will obtain fairly accurate results of jn(z) = {0.192893, 0.023389,
0.00201634}. Similarly, for the same given conditions (x = 0.6 and n = {1, 2, 3}),
we have the exact values of yn(z) = {3.23367, 14.7928, 120.04}, the approximate
values of yn(z) = {3.95662, 24.7842, 155.333} by Ref. [73], and the approximate
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values of yn(z) = {3.23278, 14.7972, 120.032} by this chapter.
Approximate Expression of Coefficient An
With the confidence built, we are now moving toward deriving the closed form






where we have the closed form solutions to the numerator Anumn and denominator
Adenn :
























4n3 + 24n2 + 41n+ 21
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4n2 + 16n+ 15
)]}
. (3.10b)









has been involved in both the numerator and the denominator of coefficient An in
(3.6a) and has been canceled in (3.9).
It is seen that the solution derived here is general enough for all the different
values of n and x values, more complete in form than that given in [73]. Also, it is
seen that the closed form solution is very simple, given in terms of only some simple
additions of algebraic functions. Also, it is to be shown later that they are quite
accurate; and it is valid for complex argument x as well. For those who use Fortran
or C languages to write their own codes for computations, this has made the code
implementation extremely easier and faster.
Specifically, need to generate the solution for the first a few orders. Firstly, we

































































and when n = 2:



























































Approximate Expression of Coefficient Bn










128n7 + 448n6 − 1120n5 − 3920n4 + 2072n3













4n2 + 20n+ 21
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m21 + (2n+ 3)
[
x4m42
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−8(2n+ 7)x2m22 + 16
(
















































4n2 − 16n+ 15
)
× x4m42 + 8
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16n4 − 64n3 + 56n2 + 16n− 15
)]}
. (3.15b)










has been involved in both the numerator and the denominator of coefficient Bn in
(3.6b) and has been canceled in (3.14).
To make it applicable and specific in solution, we consider the solution to the
coefficient B1 below. Again, we split its expression into the numerator and denom-
inator and they are respectively given as follows:


































The above fractional form suggests that the solution to the coefficient B1 is not as
simple as the expression of the linear function of x5 given in [73]. To gain more insight
into the accuracy of the expressions, we will discuss on the details of comparisons
among the three sets of data, the exact solution from Mie theory, the closed form
solution in [73], and the new closed form solution in this paper.
Validations and Accuracy
To gain insight into the accuracy of the present closed form solution to the co-
efficients An and Bn, we have considered relative errors of the numerical results
obtained using the present closed form solution as compared with the exact results
obtained directly from the Mie scattering theory. In addition, we have also con-
sidered the relative errors of the previously obtained closed form solution results
in [73]. To gain the consistent results, we also assume the same parameters as used
in [73], where ²1 = (5.44/1.78)²0, ²3 = ²0, and ²2 = (²1 + ²3)/2. A comparison has
been shown in Fig. 3.2(a) for the coefficient A1, in Fig. 3.2(b) for the coefficient A2,
and in Fig. 3.2(c) for the coefficient B1. It is clearly shown that the present results
of closed form solution to these coefficients are far more accurate than those in [73]
where the relative error of A1 is always larger than 25% and can reach 30%; the
relative error of A2 increase up to 25% at a speed faster than cubic power; and the
relative error of B1 also increases from 17% to 35%.
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Figure 3.2: The relative errors of coefficients A1, A2, and B1 obtained in this thesis
and also in Ref. 73, all compared with the exact solution obtained using the Mie
scattering theory. The bullet-dotted curve “− − • − −” denotes the results in [73]
while the solid curve “——–” stands for the result in this thesis.
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3.2.3 New Closed Form Solutions to Scattering Coefficients
an and bn
Now, we turn to the approximations finally to the scattering coefficients an and bn.
Substituting (3.8a) and (3.8b) into (3.7a) and (3.7b) and further into (3.7c), we
could approximate (3.5a) and (3.5b) as follows.
Approximate Expression of Coefficient an
Generalized Case for Any n and Arbitrary Material Properties
Without loss of any generality, we would keep all the intermediates inside. From
















where the coefficients for the numerator are
α(0)n,n = − Anm−n−12 mn3
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+ 5)m42 − 3[4n(n+ 1)− 15]m23m22 − n[4n(n
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; (3.19g)
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These coefficients look complicated, because we considered the general cases of the
materials and also the expansion polynomial series up to power 6. They could be
significantly simplified, as to be demonstrated later. It should be noted that the
expressions of numerator and denominator in (3.18) do not simply follow the power
series exactly because the order number n involves also in the power series. For
instance, y2(n−1) and y4(n−1) are contained in the intermediate series coefficients, but
they will disappear when the first order n = 1 is considered. When the second or
higher orders are considered, then we have to see if they should be excluded because
we basically keep the series expansion up to the order 6.
To see the general variation of the coefficient an, we look into the first and
dominant coefficient a1 and plotted their real (in Fig. 3.3(a)) and imaginary (in
Fig. 3.3(b)) parts in Fig. 3.3, of which the real part is directly used to calculate the
extinction cross sections. It is shown that they are changing monotonically within
the range of the electrical spherical core radius x ∈ (0.01, 1.0) and the electrical
spherical nanoshell radius y = x + t ∈ (0.02, 1.4) where the spherical nanoshell
thickness t ∈ (0.01, 0.4).
As the scattering cross section involves the magnitude, therefore we also consider






















































(c) Magnitude of a1. (d) Phase (in degrees) of a1.
Figure 3.3: The exact coefficient a1 versus the spherical core radius x ∈ (0.01, 1.0)
and the spherical nanoshell thickness t ∈ (0.01, 0.4). The other electrical parameters
are ²1 = (5.44/1.78)²0, ²3 = ²0, and ²2 = (²1 + ²3)/2 while µ1 = µ2 = µ3 = µ0.
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the magnitude (in Fig. 3.3(c)) and phase (in degrees in Fig. 3.3(d)) variations of the
coefficient a1. It is clearly seen that within the ranges of the physical parameters,
these variations are also monotonic. These provide certain sense for the accuracy
versus the expansion order of the coefficients, and thus confirm the feasibility of the
present work.
Special Case I (n = 1)
To simplify the above expression of an, we let n = 1 but still leave m3 to be
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In (3.21) together with (3.22a) and (3.22b), the intermediate parameter A1 was
defined in (3.9) (where n = 1) together with their numerator and denominator
defined in (3.12a) and (3.12b), respectively. Please take note that the above specific
coefficients in (3.21) given in (3.22a) and (3.22b) can be directly simplified from the
expression in 3.18 except for the cancelation of a factor m22 in both denominators
of α1,n and α1,d. The coefficient a1 shown in (3.21) together with its intermediate
coefficients in (3.22a) and (3.22b) can be simplified by letting m3 = 1, the same as
what was done in [73]. Doing so, we could further simplify the expressions.
After the approximate coefficient a1 is obtained, we may wish to validate it
and confirm its accuracy range versus the electrical inner radius x ∈ (0.01, 1.0) and
electrical outer radius y of the spherical nanoshell. For ease of understanding and
calculation, we consider the nanoshell thickness t ∈ (0.01, 0.4) to represent the outer
radius y = x + t ∈ (0.02, 1.4), as shown in Fig. 3.4. When we consider the relative
error limit of 0.68 for the real part of coefficient Re[a1], it is seen in Fig. 3.4(a)
that the maximum relative error of the present work is below 0.68 while it is much
smaller for scientific and engineering applications when the nanocore radius is not
electrically large or when the nanoshell is not electrically thick. At the meantime,
we limit the same relative error of 0.68 for the results in [73] and it is seen that the
inaccurate area (as cut on the top of the 3D figure) becomes very large. There is only
a small region where the relative error of Re[a1] in [73] is smaller than 0.68. As the
scattering cross section is proportional to the magnitude square of the coefficient,
|a1|2, therefore, we also look into the relative errors of |a1| in the present paper
and also the work in [73], but limit both of them to the allowable errors of 0.15 for
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engineering applications. It is found from Fig. 3.4(b) that the approximate results
produced in this paper are fairly accurate. For the results produced in this paper,
there is only a very small inaccurate area with relative error slightly larger than



























(a) Error of Re[a1] here. (b) Error of |a1| here.
Figure 3.4: The relative errors (with respect to the exact solution) of approximate
coefficient a1 formulas derived here in this thesis versus the spherical core radius
x ∈ (0.01, 1.0) and the spherical nanoshell thickness t ∈ (0.01, 0.4). The other
electrical parameters used here are the same as those in Fig. 3.2 and Fig. 3.3, and
they will be used for the future numerical results and thus omitted later.
Special Case II (n = 2)
Similarly, we could also simplify the above general expression of an by letting


















































































































In (3.23) together with (3.24a) and (3.24b), the intermediate parameter A2 was
defined in (3.9) (where n = 2) together with their numerator and denominator
defined in (3.13a) and (3.13b), respectively.
Using this result, we also calculated the absolute values of the coefficient |a2| and
made a comparison on accuracies of the present results and the results published
in [73], as shown in Fig. 3.5. It is seen in Fig. 3.5(a) that the coefficient |a2| is
also monotonically changing and its magnitude is much smaller than that of |a1| by
about 10 times especially when the sphere core radius is electrically small or the
nanoshell thickness is electrically very thin. Shown also in Fig. 3.5(b) is the relative
error of the approximated a2 values calculated using the approximate formulas in
this paper. It is apparent that when the relative error of 0.15 is kept, the present
formulas are quite accurate. Because the contribution of |a2| to the overall values
of the extinction and scattering cross sections is only about 10%, so this makes the

























(a) Variation of exact expression |a2|. (b) Error of |a2| in this paper.
Figure 3.5: The variation of |a2| and the relative error (with respect to the exact
solution) of the formulas derived in this thesis versus the spherical core radius x ∈
(0.01, 1.0) and the spherical nanoshell thickness t ∈ (0.01, 0.4).
overall of the present error is even smaller.
Approximate Expression of Coefficient bn
Coefficient bn
Similarly, the coefficient bn can be generally derived. However, it is realized
that in many papers on nanoparticle scattering formulations, the coefficient bn is not
calculated at all. Nevertheless, the procedure for deriving the coefficients an and bn
in (3.4) is the same, also the formula structures for an and bn are the same. Except
for the change of the ratio m3/m2 in an into m2/m3 in bn and the replacement of An
in an by Bn in bn symbolically, all the other formulations are identical. Therefore,
we will not repeat this procedure, but simply provide the useful first order coefficient
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b1 for the comparison purpose.





































































































In (3.25) together with (3.26a) and (3.26b), the parameter B1 was defined in (3.14)
(n = 1) together with their numerator and denominator defined in (3.17a) and
(3.17b), respectively.
To check the accuracy, we have also calculated the coefficient b1. Shown in
Fig. 3.6 is the relative error of b1 values computed using the present solution in this
paper. The parameters used in the calculations are the same as before in Figs. 3.4
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and 3.5. It is seen clearly that when the relative error is controlled within 0.45, the















Figure 3.6: The relative error (with respect to the exact solution) of the formulas
|b1| derived in this thesis versus the spherical core radius x ∈ (0.01, 1.0) and the
spherical nanoshell thickness t ∈ (0.01, 0.4).
3.3 Energy Intensity Enhancement of Plasmonic
Coated Nanospheres
3.3.1 Parameter Derivation of High Scattered Energy Re-
gion for Plasmonic Coated Spheres
Considering the instrumental error, in Ref. [14], we can see that Ag can only be
lossless in the range −60 ≤ ²r ≤ −30 approximately. From Ref. [76] we know that
plasmonic coated structures can shift the position of the resonances with different
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parameters. This unique property happens near visible and near infrared regions of
the spectrum and may be found to have great importance for optical applications. So
we apply a coated silver nanoparticle to achieve the purpose of plasmon resonances
with high scattered energy. The relative parameters like the refractive indices of
the core material m1 and the coating layer m2 and the volume ratio f (f = a
3/b3,
a and b are the inner and outer radii of the coated sphere) will be derived. Using
the approximations of spherical Bessel and Hankel functions for small argument z
(|z| ¿ 1) as shown in Ref. [27], we can obtain the plasmon resonance for n = 1 for
nanoparticles with plasmonic core, at the following conditions.
²r1 ≈ 2m
2
2[−f − 2 + (f − 1)m22]
−2f + 2 + (2f + 1)m22
(3.27)
where ²r1 and ²r2 are the relative permittivities of the core and coating materials,
m1 and m2 are the corresponding refraction indices, and 0 < f < 1. To make the
silver coated nanoparticles resonant, ²r1 should be in the range of −60 ≤ ²r1 ≤ −30.
Then solving the inequations, we can find the relations between f and m2 as follows:
−60− 28m22 +m42
−60 + 59m22 +m42





−30 + 29m22 +m42
(3.28)
13 + 29f +
√
289 + 514f + 961f 2
2(1− f) ≤ m2 (3.29)
≤ 28 + 59f +
√
1024 + 2824f + 3721f 2
2(1− f)
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(a) f versus m2 (b) m2 versus f
Figure 3.7: Ranges of the relative permittivities in which low dissipations for
nanoparticles with silver core can be found. The points between the two curves
should be selected.
We plot these curves in Fig. 3.7. It is apparent that to excite the first order
plasmon resonances of Ag coated particles, we should choose the points between the
two lines.
















(a) f versus m1 (b) m1 versus f
Figure 3.8: Ranges of the relative permittivities within which low dissipations for
nanoparticles with silver coating can be found. Herein we choose the resonance due
to bigger relative permittivities.
For electrically small Ag coated nanoparticles, we can find two resonances. In
the case of n = 1, they are










4(f + 2)2 − (8f 2 + 8− 52f)m21 + (2f + 1)2m41 (3.32)
and
P = 4(f − 1). (3.33)
We choose the one with bigger value from the two resonances to achieve our
goal. Using the same method, we have
14(60−m21)
31(30 +m21)

















Then the relations of m1 and f are shown graphically in Fig. 3.8. We still need
to select the points between the two curves to have big scattered energy.
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(a) Total energy intensity distribution outside the nanoparticle with silver core for
²r1 = −27.4785 + 0.31452i











(b) Total energy intensity distribution outside the nanoparticle with silver core for
²r1 = −27.4785 + 0.1048i











(b) Total energy intensity distribution outside the nanoparticle with silver core for
²r1 = −27.4785 + 0.5242i
Figure 3.9: The near field energy intensity distribution of the nanoparticle with
a silver core with the instrumental error. The peak value of the scattered energy
intensity may vary from (a) to (c).
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Figure 3.10: Total near field energy intensity distribution of a nanoparticle with
silver coating.
3.3.2 Energy Distribution of a Plasmonic Coated Nanosphere
To confirm the energy enhancement, the energy intensity distribution I of a coated
nanoparticle with silver core at 1.64 eV is shown in Fig. 3.9(a). The wavelength is
chosen as λ = 758 nm and the inner and outer radii of the coated sphere are 18.056
nm and 24.128 nm, respectively. The coating material is assumed to have a relative
permittivity of 40 which also exists in nature. Considering the instrumental error, we
choose the relative permittivity of silver to be −27.4785+ 0.31452i which was given
in Ref. [14]. The intensity is defined as I = E ·E?, where E = r̂Er + θ̂Eθ + φ̂Eφ,
E? stands for the conjugate of E. The incident wave is assumed to be a plane wave
propagating along the z-axis. Its amplitude is normalized by E0 = 1. The energy
intensity is shown in dB values. In Fig. 3.9(a), we show the total energy intensity
everywhere in the space. It can be seen that the scattered field can be enhanced by
many times as compared to the incident wave.
As shown in Ref. [14], the complex index of refraction takes the form of n˜ =
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n + ik. By considering the instrumental error ∆n = ±0.02, the imaginary part of
the relative permittivity may vary approximately from 0.5242 to 0.1048. Then the
intensity of the scattered field will have different peak values. We plot the energy
intensity distributions outside the coated particle in Figs. 3.9(b) and (c). It is clear
that the scattered field near the coated sphere can still be enhanced significantly
and with smaller dissipation, we will have greater scattered energy. This optical
property can be found to have potential photonic applications.
The energy intensity distribution of a nanoparticle with silver coating is shown in
Fig. 3.10. The wavelength is still chosen as 758 nm while the inner and outer radii of
the coated sphere are 10.088 nm and 24.128 nm, respectively. The other parameters
are the same as those shown in Fig. 3.9. In Fig. 3.10, the total energy intensity is
depicted. Apparently, the scattered field can be enhanced. By comparing the results
in Fig. 3.9(a), we find that with the same relative permittivity, the nanoparticle with





In this chapter, we will discuss the optical properties of light scattering by multiple
nanocylinders. Enhanced backscattering by multiple nanocylinders under plasmon
resonances will be investigated according to different geometries and distributions.
The multiple scattering problems are solved using the Scattering Matrix Method
(SMM). The incident wave is assumed to be in the normal direction. Several cases
have been taken into consideration and their corresponding distributions of the near-
field magnetic field intensity are clearly shown. Applications of multiple nanocylin-
ders are found in shielding systems and will be given hereby.
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Light scattering by two-dimensional photonic crystal structures has been a clas-
sical subject of scientific and academic interests for many years. The scattering prop-
erties of an array of parallel cylinders randomly distributed were studied in [77]. Peri-
odic structures also attracted a lot of interests [78–80]; and Yasumoto’s group devel-
oped the Green’s function for periodic two-dimensional photonic crystals [81]. Anal-
ysis of photonic crystals has also been carried out by an effective-index method [82].
Enhanced backscattering of a metallic nanocylinder with a random rough surface
was studied using the method of stochastic functional approach [83]. The incident
plane wave is assumed to be TE-polarized plane wave and the surface plasmon waves
were found to contribute considerably to the enhanced backscattering. Backscatter-
ing enhancement of light by nanoparticles has also been reported [84]. For multiple
scatterers, optical properties of metallic nanorod arrays embedded in alumina were
presented and the optical transmittance was measured as a function of relative
parameters [85]. Gumbs and Aizin discussed the collective plasma excitations of
a linear periodic array of two-dimensional multilayered cylindrical nanotubes [86].
The operation of laser in the visible regime at room temperature in two-dimensional
photonic crystal membrane was studied in [87]. The surface plasmon polaritons of
metallic coated cylinders with dielectric core were presented in [59]. The detec-
tion of the optical magnetic field for dielectric samples in the near-field region was
discussed in [88]. The experimental and theoretical studies of optical properties
of metallodielectric periodic structures with subwavelength slots were given in [89].
The localized defect modes in two-dimensional photonic crystals with an isolated
defect was analyzed by means of the multiple scattering theory in [90]. The spectra
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of plasma and electromagnetic waves of two-dimensional parallel thin metallic cylin-
ders in dielectric media are calculated [91]. S-wave resonance mode with m = 0 by
Si nanowires was shown in [92]. The Scattering Matrix Method (SMM) is utilized to
deal with the problem of three dimensional anisotropic photonic crystal slabs [93].
The optical properties of nanocylinder arrays were studied analytically in [94]. The
second-harmonic emission in two-dimensional photonic crystals was investigated nu-
merically using the multiple scattering method in [95]. Metallic waveguide struc-
tures were also studied theoretically in the role of the plasmonic modes [96], and
nanosilicon waveguide was analyzed in [97].
Properties of light transmission through photonic crystal structures were also
discussed for arrays of subwavelength periodic holes [98], enhanced transmission
due to cylindrical surface plasmons [99], extraordinary optical reflection by sub-
wavelength cylinder arrays [100], transmission properties of light in two dimensional
structures [58, 101, 102] and guided resonances in three-dimensional photonic crys-
tal slab structures [103]. The extraordinary optical transmission without plasmons
in the s-polarization case was also addressed in [104]. The negative index meta-
materials were studied in [105–116] experimentally and theoretically. The evidence
for positive refraction of two-dimensional photonic crystal structures was demon-
strated in [117]. The negative refraction of chiral media was discussed in [48, 49].
We have also discussed the surface polaritons of coated cylindrical structures [118]
and focusing surface plasmons by changing the incident angle are shown in [119].
Apparently, some optical properties exhibited by photonic crystal structures are
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very scientifically attractive, engineeringly applicable, and practically useful.
4.2 Enhanced Backscattering by Multiple NanoCylin-




Figure 4.1: Geometry for the scattering of a plane wave by multiple cylinders in free
space.
The geometry of the problem is shown in Fig. 4.1. The incident wave is assumed
to be a TE plane wave whose magnetic field is polarized in the z-direction (i.e., along
the axis of the cylinder) and it can be expressed as







The total scattered field is obtained by summing the fields scattered by the
entire set of cylinders and is given by










where H0 denotes the amplitude of the incident magnetic field, k0 stands for the
wavenumber of the free space, rj represents the distance from the center of the jth
cylinder to the observing point, and N is the total number of the cylinders. The
scattering coefficient bj,m can be expressed by
bj,m = Am · aj,m (4.3)


















while qj = k0Rj, Rj denotes the radius of the jth cylinder, Jm(•) stands for the
cylindrical Bessel function of the first kind and the order m, and H(1)m (•) represents
the cylindrical Hankel functions of the first kind and the order m. Here we assume
that the cylinders are identical in dimension, so Rj = R. The other coefficient aj,m,
which includes the coupling effects of the cylinders, is defined as













where rj and rjl denote the distances between the center of the jth cylinder and the
original point and the centers between the jth and lth cylinders, respectively. The
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other symbols shown as above have the same meanings as those given in [77] and
will not be given herein. With these linear equations obtained, we can solve them
for the scattering coefficients.
4.2.2 Scattering Properties of a Single Plasmonic Cylinder






















(a) k0R = 0.1 (b) k0R = 0.2
Figure 4.2: <e(A1) versus <e(²r) for different electrical dimensions q and damping
terms =m(²r).






















(a) k0R = 0.1 (b) k0R = 0.2
Figure 4.3: <e(A2) versus <e(²r) for different electrical dimensions q and damping
terms =m(²r).
For a single cylinder in free space, Am represents the scattering coefficient and
it depends on the composition and geometry of the cylinder. The values of the coef-
ficient can affect significantly both the near- and far-field characteristics. As given
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(a) ²′′ = 0 (b) ²′′ = 0.1
Figure 4.4: <e(A1) versus <e(²r) for damping term =m(²r) and different electrical
dimensions q.
in [14], we have the eigenvalue symmetry of the coefficients Am = A−m. Therefore,
we only consider the case of m > 0.
Plotted in Fig. 4.2 is the real part of A1 versus the real part of ²r where k0R = 0.1
and k0R = 0.2 for different damping terms are considered.
The relative permittivity is assumed to be ²r = ²
′+ i²′′. It is clearly seen that as
electrical dimensions increase, the damping effect will be less important for the scat-
tering coefficients at the resonance. For non-absorbing cylinders, the amplitude of
|<e(Am)| can always reach 1. This is where the plasmon resonance usually happens
for cylindrical structures. It is apparent that the position of the resonances will not
change when different damping terms are considered. For the higher order modes,
even a very small damping term will affect the scattering coefficients significantly
as shown in Fig. 4.3.
We can hardly observe any plasmon resonance properties in Fig. 4.3 for those
with ²′′ = 0.01 and ²′′ = 0.1. In Fig. 4.4, the resonance properties of <e(Am) is
shown versus the real part of ²r with different electrical dimensions varying from 0.1
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(a) θinc = pi/2 and ²′′ = 0 (b) θinc = pi/2 and ²′′ = 0.1
Figure 4.5: Scattering by a single plasmonic cylinder with different relative per-
mittivities. The wavelength is 366 nm and radius of the cylinder is 17.5 nm. In
Fig. 4.5(a), we present the lossless case and in Fig. 4.5(b), the damping term is
considered.
to 0.3. The lossless and the dissipative cases are considered in Fig. 4.4 for comparison
purpose.
The total magnetic field intensity distribution outside of a lossless nanocylinder
scattered by a TE plane wave with an amplitude of H0 = 1 is expressed as |Htotalz |
and is shown in Fig. 4.5(a).
The wavelength is 366 nm, near the visible region. The radius of the nanocylin-
der is 17.5 nm. The relative permittivity of the nanocylinder is assumed to be −1.14
which is near the plasmon resonance as shown in Fig. 4.4 where the incident angle
is pi/2 rad. It is clear that the backscattering intensity of the near-field can be en-
hanced significantly. In Fig. 4.5(b), we consider a plasmonic nanocylinder with the
relative permittivity of ²r = −1.14 + 0.1i. The other parameters are the same as
those shown in Fig. 4.5(a) and will not be repeated herein. It is seen that although
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the total magnetic field intensity decreases as compared to the lossless case shown
in Fig. 4.5(a), the backscattering is still very strong and the field intensity (defined
as I =H ·H∗) can increase to about 9.
4.2.3 Scattering by Multiple Plasmonic Cylinders in Arrays
(a) θinc = pi/2 and 2 nanocylinders (b) θinc = pi/2 and 4 nanocylinders
(c) θinc = pi/2 and 6 nanocylinders
Figure 4.6: Scattering by a single array with different numbers of identical plasmonic
resonant cylinders. The spacing between two adjacent cylinders is 60 nm and radii
of the cylinders are both 17.5 nm.
Firstly in this section, we characterize the scattering by a single array of finite
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(a) θinc = pi/2 and 2× 2 nanocylinders (b) θinc = pi/2 and 2× 4 nanocylinders
(c) θinc = pi/2 and 2× 6 nanocylinders
Figure 4.7: Scattering by a double array with different numbers of identical resonant
plasmonic cylinders. The spacing between two adjacent cylinders and the distance
between two single arrays are both 60 nm.
numbers of nanocylinders.
The nanocylinders considered are of the same composition each, as given in
Fig. 4.5(b). The other physical parameters such as the angle of incidence and am-
plitude of the incident wave are also the same as before. In Figs. 4.6(a)-(c), total
magnetic field intensity distributions of multiple cylinders arranged in an array with
the number of cylinders varying from 2 via 4 to 6 are depicted, respectively. The
CHAPTER 4. MULTIPLE SCATTERING BY NANOCYLINDERS 89
distance between two adjacent cylinders is 60 nm. From these figures, one can see
that the backscattering is strong due to the single array of plasmonic nanocylinders,
but the peak values of the magnetic field intensity decrease as compared to that
shown earlier in Fig. 4.5(b). This is attributed to the mutual coupling effects among
the multiple plasmonic nanoparticles and the resonance spreading of the conserved
energy. From these figures, it is also clearly seen that the resonances occur at the
two ends of the single array regardless of the number of nanocylinder array elements.
This is why we did not extend the characterization to a periodic array with larger
number of elements, when a normal incidence of a plane wave is considered.
In Fig. 4.7, the field intensity distribution is depicted for a double array of
cylinders. The 4 nanocylinders are located at the corner points of square (x = ±30,
y = ±30) nm in Fig. 4.7(a).
In Fig. 4.7(b) and Fig. 4.7(c), we extend the double array periodically, where
the distance between two adjacent cylinders is a constant of 60 nm and the two
single arrays are separated by a distance of 60 nm. It is seen that compared to the
results shown in Fig. 4.6, the backscattering of the near-zone magnetic field intensity
is slightly stronger in Fig. 4.7, which is mainly due to the coupling effects of the
nanocylinder arrays.
When the distance between two arrays increases, the coupling between the two
arrays will become weaker, so that the scattered fields due to each of the arrays will
be localized around the nanocylinder arrays in their own near-field regions. This
observation is shown in Fig. 4.8.
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(a) θinc = pi/2 and 2× 2 nanocylinders (b) θinc = pi/2 and 2× 4 nanocylinders
(c) θinc = pi/2 and 2× 6 nanocylinders
Figure 4.8: Scattering by two arrays of identical plasmonic resonant cylinders. The
spacing between two adjacent cylinders is 60 nm, but the distance between two
single arrays varies from (a) 140 nm, via (b) 200 nm, to (c) 300 nm.
In the calculations, the two arrays apart from each other shown in Figs. 4.8(a)-
(c) are (a) 140 nm, (b) 200 nm and (c) 300 nm, respectively. When the two single
arrays are closer, the mutual coupling between them is strong so that the second
array is also excited at resonance in the middle, as depicted in Fig. 4.8(a). When the
distance between the two arrays is appropriately controlled, say, 200 nm as shown in
Fig. 4.8(b), the first single array of nanocylinders is excited at its resonance modes
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while the second single array is not. In this case, the mutual coupling between
the two single arrays leads the field distribution along the whole single array to be
significantly enhanced. When the distance between the two arrays is far apart, the
mutual coupling is very weak, so each of the single array is considered as a localized
array. As shown in Fig. 4.6(c) where the distance between the two arrays is 300 nm,
the single array effects discussed earlier in Fig. 4.6 are observed. In this case,the
resonances occur at the two ends of the first single array while the second array is
not excited at its resonance.
4.2.4 Scattering by Multiple Plasmonic Cylinders with Dif-
ferent Distributions
From the figures shown in the last Section, we find that the backscattering of an array
of nanocylinders is strong but the peak resonance level of the total magnetic field is
not as high as that of a single nanoparticle shown in Fig. 4.5(b). So in this section we
will propose some structures consisting of multiple plasmonic nanocylinders which
can enhance the backscattered field intensity values.
Plotted in Fig. 4.9 is the magnetic field intensity distribution of TE plane wave
scattered by multiple cylinders.
A system of three plasmonic cylinders depicted in Fig. 4.9(a) is considered first
and its elements are located at (20, 0) nm, (85, 55) nm and (85, −55) nm, respec-
tively. The system can be considered as a single nanocylinder backed by a single
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(a) θinc = pi/2 (b) θinc = pi/2
(c) θinc = pi/2
Figure 4.9: Scattering by multiple plasmonic nanocylinders. The near-field magnetic
intensity distribution is shown. Significant enhancement of backscattering can be
observed.
array of 2 nanocylinders. It can be observed that the peak value of the total field is
over 4. Apparently, the backscattering is enhanced significantly, as compared to the
result for a single nanocylinder shown in Fig. 4.5(b). This is because of the coupling
effects due to the other two cylinders behind it. In Fig. 4.9(b), the number of the
backed array elelments or nanocylinders increases to 4 to make a total number of
5 nanocylinders. It is seen that the peak value of the field intensity of the single
nanocylinder backed by a single array of 4 nanocylinders can be enhanced up to
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about 4.3. To see the effects of the array shapes, the field intensity of a triangle
configuration composed of 6 nanocylinders is depicted in Fig. 4.9(c). The total field
intensity is still stronger than that in Fig. 4.6(b), but it is weaker than those shown
in Fig. 4.9(a) and Fig. 4.9(b) because the adjacent cylinders are too close to each
other so the mutual coupling is too strong.
4.3 Optical Shielding Nano-systems Achieved by
Multiple Metallic Nano-cylinders under Plas-
mon Resonances
An optical shielding system is proposed in this section using nano tubes. The system
consists of metallic nano-cylinders under plasmon resonances surrounding the area
purposely shielded. The incident wave under the design system is assumed to be
TE polarized so that the plasmon resonance of two-dimensional cylindrical struc-
tures can be excited. The incident wavelength is assumed to be 366 nm and the
nano cylinders are electrically small (whose radii are much smaller than the wave-
length). The total magnetic and electric fields in the central region of the shielding
system can be significantly reduced. To show the practical applications, several
cases with different distributions of plasmonic nanocylinders have been discussed
for better shielding effects. The field intensity inside the shielding system has been
shown versus different incident wavelengths ranging from 300 to 500 nm. To further
demonstrate the shielding effects, mutual interactions between a cylinder placed at
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the central point of the shielding system and the shielding system elements (other
nano cylinders) are illustrated and the shielding effect is evaluated using the peak
value of the field intensity around the nanocylinder. Loss effects of the nano cylin-
ders or dissipation effects of the shielding system are also discussed. From various
intensive calculations, an electrically effective thickness t of the nanoparticle shell
consisting of nanocylinders (whose ²r = −1 + 0.1i) is found for an efficient optical
shielding of an object, that is, k0t > 2 or t > λ0/pi where k0 and λ0 denote the
free-space wavenumber and wavelength, respectively.
The shielding properties of an ensemble of two-dimensional thin cylinders over a
flat lossy half space illuminated by a plane wave were discussed in [120]. Contiguous
metallic rings with high transmissivity and strong electromagnetic shielding were
studied in [121]. The electromagnetic shielding characteristics of optical-fibers were
discussed in [122]. With the development of new technologies, investigations of opti-
cal properties of nano-scaled objects become more and more important due to their
potential valuable applications. Single-walled carbon nanotubes can also behave as
effective lightweight electromagnetic interference (EMI) shielding materials [123].
In this section, some optical shielding properties of multiple metallic nano-
cylinders near plasmon resonance are presented. The design is different from those
research works dealing with electromagnetic or radio frequency (RF) shielding prob-
lems where conducting materials have been widely applied for microwave frequency
applications. Such a shielding system under investigation herein consists of plas-
monic nanocylinders based on the plasmon resonance effects in optical frequencies
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and the physical multiple scattering problems are solved using the scattering matrix
method (SMM).
4.3.1 Shielding Properties of Multiple Plasmonic Cylinders
(a) λ0 = 275 nm
(b) λ0 = 366 nm
Figure 4.10: Magnetic field distribution of a nano shielding system consisting of 12
identical nanocylinders with various incident wavelength λ0 (one circular layer).
In this section, a structure, which consists of multiple plasmonic nanocylinders
and can be used to shield optical waves coming from all the different directions, is
presented. In Fig. 4.10, the magnetic field intensity distributions in the presence of
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(a) λ0 = 275 nm
(b) λ0 = 366 nm
Figure 4.11: Magnetic field distribution of a nano shielding system consisting of 28
identical nanocylinders with various incident wavelengths λ0 (two circular layers).
12 plasmonic nanocylinders arranged in a circle are shown, due to two incident waves
of wavelengths 275 nm and 366 nm, respectively. The radii of the nanocylinders are
assumed to be the same as 17.5 nm, and the relative permittivity is assumed to be
−1+0.1i. From these figures, we can see that inside the circle of nanocylinders, there
exists dark region which indicates the very weak field intensity. As the wavelength
increases, the field intensity in the middle region apparently becomes brighter or
stronger.
To enhance the optical shielding effects, the interactions between a TE plane
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(a) Htotalz
(b) Etotal
Figure 4.12: Magnetic and electric field distributions of a shielding nano system
consisting of 36 identical nanocylinders (with three circular layers).
wave and 28 plasmonic nanocylinders (forming two circular rings) are considered
and shown in Fig. 4.11. Light wavelengths are assumed to be 275 nm and 366 nm,
respectively, in Figs. 4.11(a) and (b). Compared to the shielding result shown in
Fig. 4.10, it is seen that the shielding effectiveness is very much better improved.
Apparently, with more nanocylinders arranged properly, the shielding effect of the
system will be significantly enhanced. Although the shielding enhancement has been
good in Fig. 4.11, it is still not perfect anywhere.
Therefore, we try to increase one more circular layer of nano cylinders or nan-
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(a) Htotalz
(b) Etotal
Figure 4.13: Magnetic and electric field distributions of a nano shielding system
consisting of 42 identical nanocylinders (with three circular layers).
otubes which further makes the density of the nanocylinders larger. In Figs. 4.12(a)
and (b), the total magnetic and electric field intensities of the plane wave in the
presence of 36 plasmonic nanocylinders are shown. It can be seen that the field
intensities inside the shielding system are very small in value, as compared to the
incident wave intensity. To achieve the optimum shielding effectiveness, we further
put two nanocylinders in the incident direction. Shown in Fig. 4.13, a shielding
system consisting of 42 plasmonic nanocylinders is proposed. Total magnetic and
electric fields have been again plotted. Apparently, this new system has an excellent
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(a) 12 nanocylinders (b) 24 nanocylinders















(c) 36 nanocylinders (d) 42 nanocylinders
Figure 4.14: Total magnetic field intensity distributions at the origin point versus
the incident wavelength.
shielding of the objects inside the system.
From the above analysis, it is seen that for systems with closely arranged plas-
monic nanocylinders, the shielding effects occur when the effective thickness t of the
nanocylinder distribution areas satisfies the following relation:
k0t > 2 or t > λ0/pi, (4.6)
where k0 and λ0 denote the free-space wavenumber and wavelength, respectively.
If this condition is satisfied (where ²r = −1 + 0.1i), the shielding effects of the
nano-system will be quite satisfactory. It is apparent that with more circular lay-
ers designed, we could achieve even better shielding effects, but will lead higher
costs. Therefore, a compromise will have to be considered according to practical
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ÈHztotalÈ Hn=42, Ε ''=0.01L
Figure 4.15: Total magnetic field intensity distributions at the origin point when
²′′ = 0.01.
requirements in the nano shielding system design.
To summarize the effects, we have shown the field intensity distributions at
the origin point versus the incident wavelength in Fig. 4.14 for all the shielding
systems proposed and shown in Fig. 4.10 to Fig. 4.13. The red, green and blue
curves stand for the results corresponding to a = 10 nm, 17.5 nm and 25 nm,
respectively. As shown, we can see that for all the cases, the field intensity at the
origin generally increases with wavelength. When the dissipation of the cylinders
decreases to 0.01, the field intensity at the origin decreased accordingly as shown
in Fig. 4.15. The decrease of the field intensity is attributed to the increment of
absorption of plasmonic structures with smaller dissipation.
4.3.2 Shielding System Test Using a Single Cylinder as the
Core Object
The ignition phenomenon has been observed in Ref. [124] from the optical transmis-
sion properties of silicon nanocylinders when they are exposed to a camera flash. It is
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(a) Htotalz
(b) Etotal
Figure 4.16: Magnetic and electric field distributions of a silicon nanocylinder in the
nano shielding system with a = 35 nm.
also seen that the conditions of nano-scaled objects are not very stable when exposed
to electromagnetic wave at or near optical frequency. This is a drawback if they are
applied in optical communications. To see its impact on the shielding system, We
put a silicon nanocylinder with a relative permittivity of ²r = 35.224+35.282i at 3.4
eV (See Ref. [123]) at the origin point (0 nm, 0 nm) in the shielding system shown
in Fig. 4.16.
The radius of the silicon nanocylinder is assumed to be 35 nm. We can see that
the peak value of the total magnetic and electric fields around the nanocylinder are
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(a) Htotalz
(b) Etotal
Figure 4.17: Magnetic and electric field distributions of a nanocylinder in the nano
shielding system with ²r = 2 and a = 17.5 nm.
0.02 and 2, respectively. Apparently, these values are reduced by 98.7% and 99%
as compared to the situations when the shielding system is not applied. So, this
structure can be proposed to work for an effective shielding system at optical fre-
quencies. For interactions with other materials, we considered a SiO2 nanocylinder
with ²r = 2, a = 17.5 nm and λ = 366 nm. The field distribution is shown in
Fig. 4.17.
After the same nanocylinder illuminated by a TE plane wave with amplitude
H0 = 1 is calculated, we find that the magnetic field intensity can be reduced 99%,
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and so can the total electric field intensity. This indicates that the nanoshielding
system can be efficiently developed and the nano-objects inside the nanoshielding
system can be protected well from light exposure.
4.3.3 Dissipation Effect on the Shielding System
(a) Htotalz
(b) Etotal
Figure 4.18: Magnetic and electric field distributions of a nanocylinder in the nano
shielding system with ²r = 2 and a = 35 nm.
For the above results that we have obtained, the imaginary part of the relative
permittivity ²′′ is assumed to be 0.1, while the real part of the relative permittivity
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(a) Htotalz
(b) Etotal
Figure 4.19: Magnetic and electric field distributions of a nanocylinder in the shield-
ing nanosystem with ²r = 2 and a = 35 nm.
²′ is assumed to be -1. In this section, we will discuss the influence of the damping
term to the shielding system.
Firstly, the dissipation is reduced where ²′′ = 0.05. The total field intensity
distribution of the shielding system is obtained and plotted in Fig. 4.18. We can
see from Fig. 4.18(a) that the shielding system is still very good and efficient. The
total magnetic field inside the system has generally very small values.
Secondly, the dissipation is increased where ²′′ = 0.3. The total electric and
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magnetic field distributions are shown in Fig. 4.19. The magnetic field distribution
in the shielding system becomes stronger in the case of ²′′ = 0.3 than that in the
case of ²′′ = 0.1 as shown in Fig. 4.19(a). This can be also observed and confirmed
by calculating the values of total field intensity. It can be seen from these two
pictures that with higher dissipation (or a larger ²′′), the nano shielding system
performs less effectively. To improve the shielding efficiency of the nanosystem,
more layers of nanocylinders are necessary and the number of nanocylinders are





In this chapter, the enhanced scattering of cylindrical structures with high relative
permittivities has been discussed for both single and multiple cylinders. The scat-
tered field increases significantly when the incident wave is TM plane wave. We have
derived a new closed form expression of A0 (where An is the scattering coefficient)
which is more accurate than the traditional one when dealing with electrically small
cylinders (the radius of the cylinder a is much smaller than the wavelength) with
high relative permittivities. The enhancement effects of the magnetic field intensity
have been discussed for an array of Si nanocylinders. It is also found that with dif-
ferent distributions of the Si nanocylinders, enhanced transmission or backscattering
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can be achieved. Also, based on this property of the nanocylinders, we proposed an
optical waveguide composed of silicon nanowires. The optical waveguide behaves
very effectively when the silicon nanowires are near the resonances when m = 0.
The influences to the transmission effects, when relative parameters are changed,
have been shown. Thses results may lead us some photonic applications such as
optical waveguide, surface cleaning, etching and so on.
Metallic nano-objects–plasmonic materials exhibit different optical properties.
The optical constants have been given in [14] and the relative permittivities of several
different dielectric materials in nanoscale have been reported [40]. For multiple
scatterers, optical properties have also been addressed [59,85,86,89,91,96,125,126].
Recently, there have been trends of, and therefore, proposals of making optical
waveguide [127–141]. These waveguides are composed of two-dimensional nanocylin-
ders or three-dimensional nanoparticles. We can see that all these waveguides are
made of plasmonic materials because of their strong coupling effects and the abil-
ity of guiding waves. It has also been observed that Si nanowires can ignite when
exposed to a flash in air [124]. The S-wave resonance mode with m = 0 by Si
nanowires was shown in [92] and detailed information has been given to explain the
ignition phenomenon.
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(a) −<e[A0] with ²r = 36.355 + 7.636i (b) −=e[A0] with ²r = 36.355 + 7.636i
Figure 5.1: The real and imaginary parts of A0. The three curves stand for the
exact solution (E), the traditional closed form solution (T) and the new closed form
solution we derived (N). One can see that the curve T is not accurate when q grows
bigger.
5.2 Theoretical Foundations and Discussions
Firstly, a single cylinder illuminated by TM plane wave is considered. For conve-
nience, we assume the incident fields to have the forms
H ir = H0 sinφe
−ik0r cosφ, (5.1a)
H iφ = H0 cosφe
−ik0r cosφ, (5.1b)
Eiz = −E0e−ik0r cosφ, (5.1c)
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(a) |Etotalz | for a = 10nm (b) |Htotal| for a = 10nm
Figure 5.2: The electric and magnetic field intensity distribution of a Si nanocylinder
with incident wavelength λ0 = 388.5 nm. The incident wave has an amplitude of









where Jm(•) is the cylindrical Bessel function, and H(1)m (•) is the cylindrical Hankel























where q = k0a and a is the radius of the cylinder. The coefficients Am are sym-
metrical, that is, Am = A−m. We are more interested in the scattered field outside
the cylinder, so the properties of Am are more important and the fields inside the
cylinder will not be given hereby.
When the argument |z| ¿ 1, we can use, for m > 0, the following approxima-
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where Γ denotes the Gamma function. When these approximations are applied for
Am, one can find the expressions of the scattering coefficient for electrically small
cylinders. Specially, when m = 0, A0 ≈ −i(pi/4)q2(1 − ²r). But when dealing with
electrically small cylinders with high relative permittivities, we find the closed form
expression of A0 not convincing because the condition |√²rq| ¿ 1 is not satisfied














































































(a) a = 10nm












(b) a = 20nm
Figure 5.3: Poynting vector (normalized incident wave) of a Si nanocylinder at
(x, y) = (−a, 0) nm.
We take Si nanowires as an example, at 3.2 eV, the relative permittivity is
36.355 + 7.636i. In Fig. 5.1, we show the real and imaginary parts of A0 for three
cases. In the figures, E stands for the exact solution, while T and N are the tra-
ditional closed form and the new closed form we have derived, respectively. It is
apparent that for <e(A0), when q is extremely small, the traditional closed form is
still effective. When q ≥ 0.05, however, the traditional closed form will have very
big errors. This also happens to =m(A0) when q ≥ 0.1. And for both figures, we can
see that the closed form we derived is very accurate compared to the exact solution
with q varying from 0 to 0.2 and in this case, the traditional closed form cannot be
used.
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The total electric and magnetic field distributions of a single Si nanowire il-
luminated by a TM plane wave are shown in Fig. 5.2. The incident wave has an
amplitude of E0 = 1 and propagates from -xˆ to +xˆ. Apparently one can see that
the magnetic field is enhanced greatly compared to the incident field, but the scat-
tered electric field is not very strong. This is attributed to the enhancement when
m = 0 for TM incidence as described in [92]. The revelent magnetic field intensity
distribution of single nanocylinders is shown in Appendix. A.
We show the normalized Poynting vector intensity |S| (we assume E0 = H0 = 1
for convenience) of a Si nanocylinder with a = 10 nm and a = 20 nm in Fig. 5.3(a)
and Fig. 5.3(b), respectively. The wavelength is changing from 300 nm to 800 nm
and the point we calculate is at (−a, 0). We can see that |S| has its maximum
value near 388.5 nm when a = 10 nm for TM incidence. When a increases to 20
nm as shown in Fig. 5.3(b), the intensity |S| decreases compared to that shown in
Fig. 5.3(a). For TE incidence, |S| has very common values and is oppositely different
from surface plasmon structures.
5.3 Field Enhancement by Multiple Si NanoCylin-
ders
From Section II we know that the field around a single cylinder with high relative
permittivities is very strong when the incident wave is a TM plane wave. In this
section, we will address the problem of light scattering by multiple Si nanocylinders.
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(a) 3 Si nanocylinders (b) 5 Si nanocylinders
(c) 7 Si nanocylinders
Figure 5.4: Field distribution of different numbers of Si nanocylinders arranged in
an array. In Fig. 5.4(a), the distance between each two nearby nanocylinders is 25
nm. In Figs. 5.4(b) and (c), the distance is 30 nm.
As discussed in the last chapter, the intensity of the magnetic field can be enhanced
significantly. So we would like to discuss the near-field optical properties of total
magnetic field intensity.
In Fig. 5.4(a), we show |Htotal| of light scattering by TM plane wave for 3 Si
nanocylinders. The 3 cylinders are placed in an array and radii of them are all
10 nm. We can observe enhanced backscattering from Fig. 5.4(a). If the number
of Si nanocylinders increases to 5 and 7 as shown in Fig. 5.4(b) and Fig. 5.4(c),
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(a) 3 Si nanocylinders placed at (0,0) nm, (40,30) nm and (40,-30) nm. (b) 3 Si
nanocylinders placed at (0,0) nm, (60,45) nm and (60,-45) nm.
(c) 3 Si nanocylinders placed at (0,0) nm, (60,50) nm and (60,-50) nm.
Figure 5.5: 3 Si nanocylinders exhibiting enhanced transmission, enhanced scatter-
ing and enhanced backscattering with different distributions.
respectively, enhanced backscattering still happens and the cylinders near the edges
have the strongest field intensity. This also tells the reason that we did not show
the optical properties of an array of Si cylinders.
In Fig. 5.5, total magnetic field intensity of 3 cylinders composed of a symmet-
rical triangle structure has been given. With different positions of the 3 cylinders,
we can see enhanced transmission (Fig. 5.5(a)), enhanced scattering (Fig. 5.5(b))
and enhanced backscattering (Fig. 5.5(c)) from the three figures. This property is
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very unusual and important because varying the positions of the Si nanocylinders,
we can achieve different transmission properties.
5.4 Optical Waveguide Composed of Si NanoCylin-
ders
Plasmonic optical waveguide has been widely used and the optical properties have
been discussed thoroughly. In this section, we will show applications of Si nanocylin-
ders as light guiding devices. The structure we propose is shown in Fig. 5.6–a re-
versed “Y” type transmission waveguide. The excitation source is a line source
placed at (x = 3× 10−8, y = 0) m. The radii of the Si nanocylinders are 12 nm and
there are 104 Si nanocylinders. From Fig. 5.6(a) to Fig. 5.6(b), we show incident
field of different wavelength ranging from 2 eV, 3.2 eV, 3.4 eV to 4.8 eV. It is ap-
parent that at 3.2 eV (388.5 nm), the transmission effect reaches the best. This is
also where we found the maximum value of near-field Poynting vector intensity as
shown in Fig. 5.3. Because of the coupling effects, the Si nanocylinders can behave
effectively as an optical waveguide. Si nanowires are more common and cheaper
than plasmonic materials (Ag or Au), so applications of Si nanowires can be more
widely used.
In Fig. 5.7, we plot the total field intensity distribution of the optical waveguide
system at 3.2 eV when some parameters of the Si nanowires or their configurations
are changed. In Fig. 5.7(a), we let the radii be 10 nm, one can see that the trans-





Figure 5.6: Proposed optical waveguide composed of 104 Si nanocylinders with
different incident wavelength. It is apparent that at 3.2 eV, the transmission effects
are the best.
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(a) a = 10nm
(b) 52 Si nanocylinders
(c) a bent waveguide
Figure 5.7: Three different kinds of optical waveguides at 3.2 eV. One can see that
the guiding effects are not good compared to the one shown in Fig. 7(b).
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mission effect is not so good as shown in Fig. 5.6(b). If we decrease the numbers of
cylinders to 52 as shown in Fig. 5.7(b), the light guiding properties of the system are
not satisfactory. When the system is bent at x = 500 nm as shown in Fig. 5.7(c),
the effects shown are not so good. So straight structures should be applied for Si
optical waveguides whenever possible. Of course, bent structures are also working,
although they are not operated at optimum condition.
Chapter 6
Conclusions
In this thesis, firstly, the near-field optical properties of two-dimensional cylindrical
structures and three-dimensional spherical nano-scaled objects have been studied
for plasmonic materials, metamaterials and dielectric materials. During the studies
of the near-field characteristics for a single plasmonic nano-object, the scattered
field intensity was found to be enhanced significantly for both two-dimensional and
three-dimensional structural objects. This enhancement of the scattered energy
is attributed to the fact that the negative real part of the relative permittivities
produced by plasmon leads to the resonances in the Mie scattering whose coefficients
are closely related to the scattering properties. For coated structures, the surface
plasmon resonances for electrically small coated cylindrical structures have been
derived for TE and TM plane wave illuminations. TE plane wave is found to have the
ability to excite plasmon resonances for plasmonic nano-cylinders, while TM plane
wave can excite the resonances of metamaterial coated cylinders. We have shown
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that the coated structures can shift the plasmon resonances (for both plasmonic core
and coating structures) with different size parameters and the relative permittivities
or permeabilities of different materials. This effect of coated structures provides a
more flexible way to control the plasmon resonances. The relevant formulas for
plasmonic resonances have been derived analytically for the convenience and ease
of finding the plasmon resonances. The structures of coated nano-objects with two
different plasmonic materials have also been studied and the change of the field
pattern has been discussed according to the dissipation of the core and coating
materials. A new closed form solution to scattering by nanoshell is also derived
and compared with the old one in literature. For both two-dimensional and three-
dimensional structures, the regions in which the scattered field will respectively have
its maximum value for silver coated nanocylinders and nanoparticles have been
identified and relevant formulas have been derived. In these regions, considering
the instrumental errors, the imaginary parts of the relative permittivities of the
silver will have the minimum values which can produce maximum scattered field.
The scattered cross-sections of a plasmonic nanostructure were also found to be
much bigger than its geometric cross sections. Light scattering by multiple nano-
objects are also discussed. Great enhancement of backscattering was observed for
multiple silver nano-cylinders scattered by a TE plane wave. The enhancement
can be explained by coupling effects of multiple nano-cylinders. Finite numbers of
silver nano-cylinders were investigated using the SMM (scattering matrix methods)
for array and regularly distributed structures. It should be also noted that surface
plasmon resonances take place for electrically small metallic objects of dimensions
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range from 20 nm to 200 nm. From the studies of light scattering by nano-objects,
photonic applications in etching, bio-senoring, surface cleaning and optical data
storage can be found. A shielding system composed of nanocylinders under plasmon
resonances is also proposed and found to be very effective. An optical waveguide
structure composed of silicon nanowires has been discussed and it is found to work
well because of the strong coupling effects.
Optical properties of nano-scaled objects have been studied in this thesis using
analytical approaches. More complicated nano-structures are also found to have
plasmon resonances. Based on what we have studied, there are several aspects
which can be further investigated. The interaction of a nanoparticle or nanocylin-
der on a plane is of interest for data storage purpose. Multiple scattering by three-
dimensional structures are also attractive for applications in optical waveguide and
invisibility. Considering the properties of carbon nanotubes, we can also make plas-
monic nanoantennas using carbon nanotubes as the feeding elements.
Appendix A
Field Intensity Distribution of
NanoCylinders
After checking the magnetic fields Hsr and H
s
φ, we can see that the H
s
r = 0 when
m = 0. So the enhancement should be induced by Hsφ. This is mainly because of the
property of Hsφ(m = 0) = −iA0H(1)
′
0 (k0r). We show the field intensity distribution
of Hsφ when m = 0 in Fig. A.1 for different parameters. The relative permittivity ²r
is assumed to be ²r = ²
′ + i²′′. In Fig. A.1(a), q is assumed to be 0.05, ²′ is taken
from -100 to 100, which covers from plasmon to normal materials. ²′′ is from 0 to 50.
One can see that the maximum value of the field intensity happens when ²r = 100
and has a value around 4 (we assume H0 = 1). From Fig. A.1(b) to Fig. A.1(e), we
let ²′′ vary from 0, 0.1, 10 to 100. For all four cases, the maximum value of the field
intensity happens near q = 0.08 and ²′ = 100. It is apparent that the field intensity
can be enhanced significantly.
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(a) q = 0.05 (b) ²′′ = 0




















(c) ²′′ = 0.1 (d) ²′′ = 10










(e) ²′′ = 100
Figure A.1: Magnetic field intensity distribution when m = 0 with different param-
eters. Here we have normalized the amplitude of the incident wave.
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